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PART1 - PLJCKLIRGOFFIATPL4TSS

~ GeorgzGerarda&.EerLertBecker

SUMMA.RY

Thevariousfactorsgoverninzbucklirgofflatplatesarecritically
retie-~edandtheresultsaresumarizedina coqrehensiveseries ofcharts
acd+&bles.Numericalvaluesarepresentedforbuc’klingcoefficientsof
flatplateswithvariousboundaryconditionsandappliedloadings.The
effectsofplasticityareinco~ratedinnondimensionalbucklingcharts
utilizingthethree-parazeterdescriptionofstress-straincurves.

INTRODUCTION

His “IkmdbookofStmcturalStability”presentsa rathercoqreken-
siveretiewandco.~ilationoftheories&ailexperi=ientaldatarelstingt-o
thebucklingaridfailureofplateelementsencounteredintheairf~.
~ =et theanticipateiiceedsofthosewhowouldusethisrew.e~:aadcorri-
pilation,itappearedbest.tQadopta handbookstyleofpresentation.
Thersterialisnotintendedasa textbookinwhichtF&ez@ELslsisoften
onther~themticaldevelowentofdif~erenttypesofrelatedproblenz. r
Neitherisitintendedto>orpetetiththef~ar aircraft-c&pany $
structuresmcualswhichgenerdJypresentdesigninfo?nr~tion,empirical

.-
7

data,andmetkaisofextendingresultsbeyondthescopeoftheoriginal
report.

‘Thishandbookattezptstocoverthegenerallyneglectedareabetween
thetext-k andthestxwcturesranual.Noattemptistie topresentan
exhaustivecoverageofmathematicaltechniqueswhichareofgreatimpor-
tanceInthesolutionofbucklingprablers”.This=terialhaBbeenwell
presentedinseveralexcellentbooksandpaperswhichareincludedinthe
referencelist.Thesubjectofcolunnsis comprehensivelytreatedin
severalbooksand,therefore,theinclusionofsuchmaterialinthis
reviewdidnotappeartobewarranted.

Thispresentationprimrilyconstitutesa criticalretiewofdevel-
opwsntsconcerningbucklingandfailureof,plateele=ntssincethe
early1940’s.Thisdatehnebeenselectedsincethelastcomprehensive
reviewof thisnature(ref.1)appearedattlwttime.

.
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Inthe
thegeneral

raintextofthi~report,thevariousfactorsappearingin
buckling-stressequation

ucr(cm7==) = qij
ha

(

12

(
))b

(1;
121- ~e2

arecriticallyexaminedfromthes~.dpointoftheirtheoreticaldevelop-
mentanQtheagreementof-theorywithtestda’a.

Intbesectionentitled“EasicPrinciples”a briefreviewofthe
Lasicxmthematicalprinciplesinvolvedinsolutionofbucklingproblem
lagiven.Theprbaryobjecti--einpresentingthismaterialis to
acquahtthereaderwiththeapproximatemethodsusedinordertobe
abletaindicatetheaccuracyoftkeresultscfparticularsolutions
discussedinsubsequentsections.

Tnthesectionentitled%uudaryConditions”theini’lu=.ceofthe
geometric&nm&ry conditio~supontkebucklingstresstsdis~sed et
somelength.Itisindicatedthattheuseofa freeunloadededgeina
plateinvolvesPoisson’sratiointhecompressiveb??cklingcoefficient.
Assanexample,thebucklingcoefi’icientsforplatecolu!ms,flanges,and
simplysupportedplatesaredetermice5fromtheorytodezmnstratethe
effectafvariousboundaryconditionsuponthebehatiorofsuchelements.

Also,theth&e-parar&ermethodofrmthe-~ticallydescribingstress-
strainrelationsispresentedinanintroductorymannerinthesection
entitled“Stress-StrainRelationsin.theYieldRegion.”Useofthis
methdaffordsa considerablesimplificationinthepresentationof
resultsofineLsticbuck’ingtheories.

Theeffectsofexceedingtheproportionallimitofa rmterialare
incorporatedina plasticity-reductionfactorq. Becauseofthenri-
ouatheoriesthathavekeenrecentlyadvancedtogetherwiththefact
thatnoonepublicationhasreviewedtheconflictingassumptionsof –.—

!*

.
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Theeffectofcladdin&u~n theL.icklingstressof flatplaheshas
keentreate~hyanextensionofinelastic-bucklingtheory.Intl:esec-
tionentitled“CladdingReductionFactors”a simplifiedtreat..mntof
bucklingofcladplatesispresentediriwhichvaluesforthecladding
Correctionfactor~ arederived.

Thebaclc~~?dfordeterringtheelastic-kuckllngcoefficientk
haskeenwelldocumented.Tkerefore,thelastsectionsercconcerfied
withthebucklingcoefficientsfora largenumberof cases.Thepresen-
tationconsi6ts,fortt.e?m6tpart,ofa straightforwardcatalogingof
resultsintheformofbuckling-coefficientcharts.

Theappendixhasbeenorganizedfcrunimpededuseinanalysisand
designandforthisreasonROreferencesappearinthisportionof’the
repOrt.Thereferences are examinedindetailinthepertinent. part of
themaintext.Theliteratureisreviewedanddiscussedbothas tocon-
teutandapplicationtotheparticularproblem.Experimentalevidence
Ispresentedwhereittend6toSubstantiateonethecryamng several
whichmayhavebeenadvancedona particularphaseofthebucklingprob-
lem;plasticity-reductionfactorsareperhapsthemastconspicuouse~m-
pleof this.Thus,therecozzzendationfora particulartheoqyisgen-
e- supportedbyexperimentaldata.

The=& textalso containssomenewmterialdevelopedduringthe
courseofthiscompilation.Althoughsuchmaterialisimportanttothe
unificationof priorresults,ithasnotbeenconsideredofsufficient
consequencetomeritseparatepublication.Therefore,wkensuchmate-
rialdoesappearinthishandbookitisina detailedform.

Thissurveywasconductedunder the sponsorshipandwiththefinan-
cialassistanceoftheEationalAdviso~CommitteeforAeronautics.

-IS
.

Ar areaofribcrosssectioa,sqin.

a longdimensionofplate,usuallyunloadededgefnuniaxial
compression,in.

.. . .

b shortdimensionofplate,usuallyloadededgeinuniaxial
compression,in.

#
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D

D1

E

platecross-cectioarigidity,Et3/12(1- V2),lb-h.

plasticplatecross-sectionrigidity,
/E6t39,lb-in.

Young’cdulus, psi

secentmdulus, O/c

tangentmdulus,du/de

secantandtangentrzodulusforcladplates,respectively

ratiooftotalclaadingthicknesstototalplatethickness

shearnmdulus

cmuientofinertia

3 = (%/E)(1- Vez)(1- Vq
K

k

L

M

N

n.

P

P

mdifiedbucklingcoefficient,kx2@(l - V2)

bucklingcoefficie~t

lengthofplate,in.

bendingmomentappliedinplaneofplate,in-lb

axialload,lb/in.

numberoflongitudinalhalfwavesinbuckledplate;also,
shapeparameterforstress-straincurve

.
normalloadapplieiinplaneofplate,atb,lb

nornulpressure,psi

4

!

b

i“

i
;*

e

d

.

}
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~ shesrlouding,lb/in.

6= E2+ ve(flb/A)2

R strezs ratio

t thicknessofplate,W.

u=
(

- ks
)/(%+ - + ks%+ -)

w

w

X,y,z

y.l+3pf

a

potentialenergy,in-lb

displacementnomal toplaneofplate,in.

coordinates

edgeangle,deg;also,12M/(Pb+ 6M)

& = fi(b/A)L/2
*

$
also,loadingratioforplatewithvaryingaxialbad,
Maxhmlload/14imim71lead

ratioofcla~dingyieldstressto core stress,‘cl/acore$

Y shearstrain

normalstrain;also,ratioofrotationalrigidity
e~gesti?fenertoro~=tionalrigidityofplate

..
plasticity-reductionfactor

claddingreductionfactor

total-reductionfactor,qfi

bucklehalfwavelength, in.

ofplate

v inelasticPoisson’sl%tiOj V = Vp- ~p-J’e)(%/E) for
orthotropicsolids

—

.
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Subscripts:

A,B

av

b

c

c1

cr

e

P

pl

r

B

Sm

X,y

+.

stressintensity,(
~x2+

stressatsecantmdulus,

shearstress>psi

angleofdiagonalsupport

~ 1/2~y2-
)axay+ 3T, ,psi

o.p.=d 0.85E,

taplatewidth,

respectively,psi

radiansor deg

valuesatstationA andstationB;seefig.30

average

bending

compression

claddingproportionallimit

criticalorbuckling

elastic

plastic

proportionallimit

intraverseribofcompressedplate

shea”r

shearoninfinitelylongplate

directionsofloading

loadingsproducingtension

loadingsproducingcompression
.
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Ss s iqiy suppurtei(hinged)

Insketchesacccnyanyingfigures,supportededgeswithelusticrota-
tiofialrestraintareshwn shaded.Unshadedloadededgesaresimply
sup~orted.Unshadedunloadededgesarefree.

BASICPRINCIPLES

GeneralRenarks

Thetheoreticalbucklingstressofa flatstructuralele~~ntisthe
stressatwhichanexchanged stableequilibriumconfigurationsoccurs
tet-~enthestraightand.theslightlybentform.Itmarkstheregionin
whichcontinuedapplicationofloadresultsinacceleratedgrowthof
deflectionsperpendiculartotheplaneofthe~:ate.Itsimportancelies
inthefactthatkucklinginitiatesthephysi~-~.lprocesseswhichleadto
eventualfailureoftheplate. 74<

*..

Themathe.=tical”solutionofparticularkucklingproblemsreqtires
thatequilibriumandboundaryconditionsbesatisfied.Thiscanbe
accozplishe~byintegrationoftheequilibriumpartialdifferentialequa-
tionoftheflatplateorbyuseofmathematicaln&thodswhichmaynot
completelysatis&theboundaryorequilibriumconditions.Theformer
solutionsareexactwhereasthemethodsbasedgenerallyonecer~inte-
gralsareapproximatealthoughusuallyveryaccurate.Theneedfor
approximaterithodsarisesfromthefactthatexactsolutionscanbe
foundforonlyalimitednumberofbucklingproblemsofpractical
importance.

.—

/

t

In thissection,a briefoutlineofthemethodsofanalysisof
bucklingproblemsispresented.Forextensivediscussionsofthevari-
ousmethodsofanalysisandtheirapplicationtoa widevarietyofprob-
lems,referencetothelooksofTimshenko,Sokolrdkoff,andDleich
(refs.2tok) issuggested.

EquilibriumDifferentialEquation

Thegenemlformofthedifferentialequationdescribingtheslightly
bentequilibriumconflgumtionofaninitiallyflatplatewasderivedby
StQvellinthefollowingform(ref.5]:

.
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inwhichtheconstantsaredefinedas:

cl= 1- (3/4)(a+=,)’~ -..(%/’s]

( /2)~-(%,’s]C2= 3u~Tai

C=j=l- (3/4)
py’-’)k

( I’)p(’a
C4= 3ay7ai

(w’]-’ s

—

(2)

(3)

t

Thesedefinitionsoftheconstmtsare&sed ontheassumptionthatno
elasticunloadingoccursduringthebucklingprocess.Furthermore,a
valueofMisson’sratioeqwl to11’2wasassuredforboththeelastic
andinelasticrangee.

In the elasticrange,%.~% = 1,and,therefore,fora32loadings
C1.C3=C5=I and C2= C4= O,andequation(2)reducestothe
familiarequilibriaequationfortheelasticcase:

&=&+2&+3
ax4

.

.

(4)

. ..._. ____—- —_. ._. _— .,.
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8 krdingrigidityof D‘= l?L3/9,whereasthe elasticvalueis

D = Et3/12(1- Ve2).

Thesolutionofindividualbuckllngprohle=scanbemostreadily
handledbyselectionofappropriatesolutionsofequation(2),insertion
of properboundaryconditions,andminimization to obtainthebuckling
stress.h thisconnection,thebucklingstressesfors@ly supported
pletecolumns,compressedflanges,andplatesareconsideredinsome
detailinthesectionentitled“BoundaryConditions”toillustratethe
differencesinb~cklingbehatioroftkse structuralelezients.

KnergyIntegrals

Sinceexactsolutionstoequations(2)and(4)canbefoundfor
onlya llmitednumberofbucklidproblemsofpracticalimportance
approximatesolutionsgenemllyutilizingener~integralshavefound
tideapplication.

Thepotentialenergy of theplateanditsloadingsystemisrepre-
sentedbythedifferenceoftwointegrals.Thefirstintegr~ofequa-
tion(5)representstheincreaseinstrainenergyduetabendingand
tuistingoftheplatedurir~thebucklingprocess,whereasthesecond
integralrepresentsenergyassociatedwith rrembranestresses resulting
fmm lateraldeflection.Ifthepkte edgesarefixedduringbuckling,
thelatterrermesentsthemembraneener~. Iftheedgesexperiencea
relati.~shif~,thesecondintegralrep~esentsthewo=k
loadingsystem. t

Thegeneralenergyintegralforpkteswithsimply
wasderivedbyStowell(ref.5)fortheinelasticcase:

oftheexternal

. .

supportededges

1

+

(5)

.
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I restraintsofmagnitudec
enerminthesercstrnintm
theform

along t!.o edgesofth!plate,tlien tt~estrnin
isaddedtoequation(5).Thesetermshave

‘ oJ \QY/y=yo

wherey. Istheedgecoordinate.

Fortheelasticcase,equation(5)c-k simplifiedto

dxdy-

(6)

Soluttons

h principle,ofaU thedeflectionfunctionssatisfyingthegeo-
metricboundaryconditionsof theproblem,thepotentialener~ AM will
be zeroforthatfunctionwhichalsosatisfiestheequilibriumdifferen-
tialequation.Thisfunctionwouldbeanexactsolutionoftheproblem.
Sinceexactsolutionscank-efoundinonlya lfmitednumberofcases,
theener~integralsareofgreatusefulnessinfindingapproximatesolu-
tionswhichsatisfythegeometricbcmndsryconditionsexactlyandthe
differentialequationapproximately.Thus,oftheseveral~.ctions
satisfyingthegeometricboundarycotiitionsbutnotnecessarilythedif-
ferentialequation,thefunctionforwhichtheener~integralIsa mini-
xmnnconstitutestkebeetapproximatesolutionofthedifferentialequation.

Probablythebestlmmunenergymethodfordeterminingthebuckling
stressofthinplatesistheRayleigh-Ritzprocedure.Themethodcon-
sistsofthefo~ouingsteps:

. (1]Thedeflectionsurfaceofthebuckledplateisexpressedin
expendedfom asthesumofaninfinitesetoffunctionshavingundeter-
minedcoefficients.Ingeneral,eachtermoftheexpmsionmst satisfy
thegeometricalboundaryconditionsoftheproblem.

,—-— .-— —- — .—— —— - -—
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(3)Thisminimizingprocedureleadsto
equationsintheundetcr.i~c2coefficients.
vanishingsolutionsonlyifthedeteralr%nt
Thevanishingofthisstabilitydetermintint
rnybesolvedfortheb!!cklingstress.

a set oflineu.rhorzogeneous
TheseequationshRvenoll-
oftheircoefficientvanishes.
providestheequationthat

. .

2

.

4
.

Whentkesetoffuctionsuse~isa completesetcapablsof repre-
sentingthedeflection,slope,aridcurvatureofanypossibleplatedefor-
mation,thesolutionobtainedis,inprinciple,exact.Since,however,
theexact.stabilityde’termlnantisusuRllyinfinite,a finitedeterminant
yieldingapproximateresultsisusedinstead.

Thebucklingstressesobtainedbytheapproximatemethodarealways
higherthantkeexactsolutionalthoughtheynaybeveryaccurate.This
is8 resultofthefactthatthedeflectionfunctionapproximatesthe
truebuckleshapeandthereforethe~tentialeneraresultingfromuse
oftheapprox~tingfunctionisgreaterthanzero.Ifthedeflection
fumctianisthetrueone,thenanexactsolutiontothedifferential
equationisobtained.

Ifa deflectionfunctionischosenwhichsatisfiesthegeometrical
boundaryconditionsapproxtitely,itispossibletoobtaintuckling
stresseswhichapproachtheexactsolution fromthelowerside.This
canbeaccomplishedbya revisionoftheRayleigh-Ritzprocedureknown
astheLagrangianmultipliermethod.

TheIagmngianmultipliermethodfollowsthegeneralprocedureout-
linedfortheRayleigh-Ritzmethodwithbutonesignificantcluznge.The
restrictioninstep(1)thatthekaundaryconditionsbesatisfiedby
everytermoftheexpmsionisdiscafiedandisreplacedbythecondition,
thattheexpansionasa wholesatisfiestheboundsrjconditions.This
conditionismathematicallysatisfiedinstep(2),duringtheminimization
process,bytheuseofIagrangian.titipllers.

Theadvantageof theI.agrangianmultipliermethodliesin thefact
that,withtherejectionof thenecessityofthefulfillmentofboundnv
conditionstermbyterm,thechoiceofanexpansionismuchlessrestricted-
Forexample,intheclamped-platecompressionproblem,a simpleFourier
expansionnaykeusedinsteadofthecomplicatedfunctionsusuallyassured
in theRayleigh-Ritzanalysesofthisproblem.Ftihermore,theorthogo-
nalitypropertiesofthesimpleFourierexpansionleadtoenergyexpres-
sionsofa simplicitythat1sinstnment.alinpermittingaccurate
computations.c
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ThLslWi!IOi&Itdi.tSfi~~IliCZLiO:liOSpectticprO*L~VIGisU,:..:rit;wl
byh.dimlskyWA HU (Wr.6). l%cyhivetreatei~kckgranl~immul.tl.-
plierr=tlxxlina namerinwhichitispossibletoobtuinupproxIz&Le
solutionsforiothupperandloxerbourds.Asdewrmin:~ntsoflli~!ler
orderarz usedtoo!.:.ainbetterapproxlmitioas,taththeup>erandl~wcr
boundsapproachthetme bucklingstrcsc.Thu6,theIagrangianmlti-
pliermethodraybeusedtoohtsd.nresultstithir.anydesireddegreeof
accuracy.

Inadditiontotheaboveprocedureswhichsrebasedonenergyir.tc-
grals,othermethodsof obtainingapproximatesolutionsofbucklingprob-
lemshavebeenuse~whichinvolvetheequilibriumdifferentialequation.
~CtiOnSwhich&&:lsfythegeorr~tricaltiundaryconditionsexactlyare
usedtosat~sfyt~.egoverning differentialequationapproxkatelyby
processesthatleadtointegrationofthesefucctions.Galerkln’s =thod,
finite-differencee.~uations,relaxation techniques,anditerationaresome
ofthenumericalnethodsthatcanbeused.

KUNDARYCONDITIONS

Thenatureofthebuckleratternina relatedependsnotonlyupon
thetypeofappliedloadingbutalsouponthe=%er in whichtheeds=s
aresupported.Thisisillustratedinfigure1 inwhichthes&me-al
compressiveloadingisseen to generatethreetypesofbucklepatterns
ona longrectangularplatewithdifferentgeo~’tricalboucdarycondi-
tions.Thesinglewaveisrepresentativeof coluznbehatior,thetwisted
waveis representativeofflangebehatior,andtkemultiple-bucklepattern
58representativeofplatetehatior.

N indicatethem=nne=in whichtinegeometricboundarycondltio-=
mathe-ticallyinfluencethebuc’klingbehavioran~alsotodamnstrate
thesolutionoftheequilibriumdifferentialequation(eq.(4))forsome
particularcases,theplatesshowninfigure1 cueanalyzed.I!o-..f
conditionsvhichc~cterize simplysqrporte~vi~ecolumns,~ges,
andplatesareconsidered.

●

Wthemtical&ialysis

Theequilibriumdifferentialequationforelasticbucklingofa
unlaxiallycompressedplatecanbecbtainedfromequation(4)inthe
form

(7)
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w=
(
c1

uhere

.

(9)

(lo)

(m

Thecoefficientscl to C4 areto be dete.nzinedbythegeometrical
bmndaryconditionsalongthe‘&nloadeiedgesoftheplate.

Fortiewidecolumn,tkeunloadededgeslocatedat y = tb/2 are
free,andconsequentlytheedgeEmQent6andre-iuced she?~s must be zero.
Therefore, .

IiA~ + 2(1

1

-Ve)zz- *O
ax~ytib/2

(1’)

Fortheflange,theunloadededgeat y = O isassumedtohesimply
supportedandthatat y ● b isfree:

.

.
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(W)y=()=o

(=+veG),=o,b=o
&+2~-’e)-]y=b=0

.,.,..”)”,‘;:;;,:‘.

.

TheplateisassumedtobesiMPlysuppmtedalongtheunloadeded~es” —
locatedai y = ~b/2:

Incorporationof
byequation(8)leads

(w)y~b/2=o

()a’%—+,,22
* & ~2 ~*~/2 = 0

theseboundaryconditions
tothefollowingimplicit

.

intothesolutiongiven
expressions for kc.

Forthecolumn,

1
. for the flange,

1
#p sinh&cosp - ~%coshtisln~= O (16)

andfortheplate
.

[itanh{~/2) +j3 tan(5/2~-1=O (17)

where #-

5=&2 - ve(xb/A)2

.

,-—. —— .-—. . _ ----- — .-—.—_



!.,

~lebucklingcoefficientfora sixplysupportedflangewasderived
~,yt,w@@standStowell(ref.8)intheform

{ - ‘e)i[fib/A)2/6]}kc= (6/Lr2)(1
—

(18)

kc=0.83 -0.93ve+L34(A/fib)2+0.10(xb/A)2 (19)

Forthe s*W supportedplate

kc= [m+(b/AjJ2 (a

Anticlastic-titure

ASmy beseenfromthesolutionsintheprecedingsection,the
,,U:klingcoefficientforthesimplysupportedplatedependsupononly

~d 1sindependentofRissontsratio,whilethecoefficientsfor
‘J/Adecolumnandflmgearefunctionsofboth Vethe@ and b/L ThiS

isnotlimitedtotbecaseof6fmplesupportalonebutper-~5tufition
~tl,vtoa~ degreeofrotationalrestraintalongtheW-A ed=s of

Theinfluenceof v= upon ~ istraceabletothereduced-~ ~lfitec
atthefreeedgesofflangesandcolumns.~~lemrte- Boundarycondi-

til)rl~suchassimplesupportdonotImposetherequirementofzero
~ettuc~she= ~ong theunloadededges, whicheliminatesthe Ve influ- “
,ntofrom therelationshipfor kc.

me valueofthecompressivebucklingcoefficientforanelement
unloadededgedependsuponthedegreeofanticlastlc~mtdinin6a freedeveloped.Fora verynarrowelementsuchasa be&m,complete~~lrV/LtUL~

.
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enbiclastlccurutureoccurs anithelending rigiditiyiuslc.plyEI. ?01”
a relativelyvitieBtrip,t?ma:iticlazticCU-JatIJreis suppressedsot?.t~t

.—
thecrosssectiofireraizsrelntlve>yflatexceptfora highlylaculize;
Curlingatthefreeeigesvkre the~tressdistributionrermrapgesitself
tosatisfythegeometricalbow-simycomiibions.Therestraintofant.i-
cksticcurntureres-dtsinm increaseinbendingstiffIMss.

—
Fora

verywideele~ent,tkek.::.<irgstiff~essapproachesEI/(1- v2);this
limitingconditionis~.r-~::ascylindricalkending.

case
This

tion

Platecolumnsandflangesmy oft-enherelativelynarrow,inwhich
thebendingstiffnessliesLctweenthelimitingvaluesdiscbssed.
effectcanteacccuntedforbyuseoffigure2. —

STRESS-STRAINR!21ATIONSINYIELDRIGION

Three-tineterDescriptionofStress-StminCurves

Stress-straincumesareoff’undanentaliqcmtanceinthecosrputa-
ofinelasticbucklingstresses.Thenumberofdesirechartsrewired

forthemny materialsa~-ilableandthevariousallowabiestresses~or
thesemterialsatnomalandelevate~temperaturescanbetrewmdous;ly
reducedbyuseofa nondimensionalmathematicaldescriptionofstress-
strainrelations.

RambergandOsgod(ref.9)haveproposeda three-pszaneterrepre-
sentationofstress-strainrelationsintheyieldregionwhichFRSfound
wideapplication.TY.eire~uationspecifiesthestress-straincurveky
theuseofthreepar==ters:ThemduluEofelasticityE,thesecant
fieldstressCO-7 corres~ndingtotheintersectionofthestress-
stralncurveanda secantof0.7E,andtheshapeparametern which
describesthecwxa:uzzeofthekneeofthestress-straincurve.The
ebapepa.raceterisa functionof ‘Jo.7~d ~0.85Jthelatterstress
correspondingtoa secantof0.55Easshowninfigure3(a).Theshape
~ter n ispresenttiinfigure3(b)asa functionoftheratio

/‘0.7‘0.85”

Thethree-paracetermethodisbase~ontheexperimen~lobservation
thatformny mterialsa simple~wer lawdescribestherelationbetween #
theplasticandelasticcomponentsofstrain.Eyuseof this fact,tke
followingnondimensionalequationcanbederived:

Ee= () n

=0.7
+2A

e 7U0.7
(a)



.

.

i
!
,

Thequalities -/M l?~.y /an: u C(-J,7tire nond~rwmio::alandccmsc~uefiLly
tk nondimensionalstress-struincurvesshorninfigureh canLeplottei.
Therefore,thestress-straincurwxofranyffi%erials my be foundwith‘
theaidoffigy?eh providingE, n,
cificmterials.

Inelastic

Forinelastic-ticklingproblems,
and Et/Esappear.Theseratioscan
byuseofequation(21).SinceES=
tion(21)that

ahd =0.7 areknownforthespe-

Moduli

tilemodulusratiosEe/E,Et/E,
beco~”~tedinnondimensionalform
u/c,itfollowsdirectlyfromequa-

~~ = 1+ (3/7)@o.7)n-1

Since~ = du)de,differentiationofequation(21)leadstothe
expression *

E~ =“.

Fronequations(22)and(23)

Et/Es=

Thesequantities
inelasticbuckling.

it followsthat

(%%)/(%)
1+ (3m\u/%.7)n-l

~+ (3/7)n(u/uo.~)n-1

areusedinsubsequentseetions

(22)

(23)

(24)

concem,edwith

InelasticPoisson’sRatio

Poissen’sratioforengineeringmterialsusuallyhasa valuein
theelasticregionofbetween1/4and1/3and,ontheassumptionofa
plasticallyirlcompressiblei$otropicsolid,assuresa valueof1/2in
theplasticregion.Thetransitionfromtheelastictotheplasticvalue
isnxxtpronouncedintheyieldregionofthestress-straincurve.Since

● ✎
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isofsorei:uport:mceinir.elastic-iucklit:~proLlc%s.

GerardandWildhorn,w..;::Kot~.ers,havestudieJthisproblemon
severalalu~dtuumalloysandhuveshornthatPoisson’cratioisseriously
affectedbymisotmpyofthematerial(ref.10). ForrmterklsUMCII
cankeconsideredtoteorthotropic(e.g.,hatingthesmc properties
alongthey- .?U_dz-~e6iflotied810ngtkle x-is) the rolbW@ rehtion

describesthetransitionIntheyieldregion:

v = ‘P - @sIE)~p- ‘e) (&j)

ti thisrelation,‘P isthefullyplasticvalueofPoisson’sratio.
For isotropicrmterialsVp= 1/2, ukreas fororthotropicmaterialsVp
isgenerallydifferentfroma valueof1/2.

Itisevidentfrom thebucklingstressexpressionthattworaterials
whichdifferonlyintheirvaluesofPoisson’sratioshouldhavedifferent
bucklingstresses.Asa rule,however,thevalueof v= istirtually
constantfora material whoseproperties m3ychange as a resultofheat
treatment,detailsofcomposition,orarcou.ntofcold-work.

TheUSUEL1mge of ye for EOst technically inportantstructural
mterialsisI#sween0.25 and0.35.~Lere are exceptions,however.One
ofthemostextrer~~terialsIsberyllium,forwhichUdy,Shav,8nd
Wulgerreportatiue of0.02(ref.n).

Intheinelasticrange,presmblybecauseofanisotropy,numerical
valuesof v havebeenfoundwhichme considerablyinexcessofthe
theoreticalupperlimitof0.5,whichisderivedon tke assumptionof
incompressibilityof- isotropic=terial.Forexa@e, Gerardand
Wildhornobtainedvaluesof v asImge as0.70forseveralhigh-strength
aluminum alloys (ref.10),vhile~n andRussellreporteda value
of0.77forcanzerciallypuretitaniumsheetand0.62forFS-lh=gnesium
alloy(ref.12). Stang,Greenspan,andNewcanalsoobtaineddataatvar-
iancewiththetheoreticalvalueof0.5forplasticstrains(ref.13).
Thesethreereports cover a large varietyofalloys,deformedbyvarious
total.strainsinbothbarandsheetstock,andshouldbeconsultedfor
morecompletedata.
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Theelastic
expressed inthe

PLASTICITY-RZHK’TICWFACTURS

Inelastic-Buckling-St.-essEquatSon

buckltngstressofa flatrectangular
form

platecanbe

~2E ~ 2
‘Cre=

)()12(1 2 b- Ve

Whenthebucklingstressexceedstheproportionallimitoftheplate

(26)

material,thetermsinequation(26)whichareinfluencedare ~, E,
and v. Thebucklingcoefficientk dependsuponthetypeofloading,
thebucklewavelengthasaffectedbythegeometricalfeaturesofbound-
aryconditionsandaspectratio,thestresslevel,andPoisson’sratio
inthecaseofplateswithfreeedges.TheelasticMUIUS E iS altered

by thereductionintendingstiffnessassociatedwithinelasticbehatior.
Poisson’sratiointheyieldregionexhibitsa gradualtransitionfrom
theelasticvalueVe to8 valueof1/2for8 plasticallyincompressible
isotropicmaterial.

●

Forsimplicityofcalculationalleffects ofexceedingthepropor-
tionallimit-are.&nera12yincorporatedin
toastheplasticity-reductionfactorq.

~ = aq~cre

a singlecoefficientreferred
Bydefinition

(2’7)

,Substitutingequation(27)intoequation(26),

(28)

Sinceq =“1 Inthe elasticrange,equation(28)isperfectlygeneral
anditisnotnecesssxytodistinguishbetweenelasticandplastic
buckling. !Ihevaluesof k @ ve arealwaystheelasticvalues
sincethecoefficient~ containsallchangesinthosetermsresulting
frominelasticbehatior.

.
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Thetheoreticalandexperimentaldeterminationsofthevnluesof q
appropriatetov’.trioustypesofloadingsandtiund[lryconditionerlIQVC
reaulte~i3extensiveliteratu~e.Theassumptionsunderlying the‘v%riau$
theoriesdifferwithrespecttoplaatlcltylaws,Btress-strainrelaticws,
and.bucklingmdelsused. Inordert~avoidpossibleconfusionindis-
cussingthevarioustheories,itappearsdesirabletoresorttotke
expedientofcomparingtheorieswithtestdatafirst.

Ratherpreciseexperimentaldataexistforplasticbucklingof
colurms,sinplysu~ortedflangesandplatesundercompressiveloads,
andelasticallysup~rt.edplatesundershearloads.Forpractical
alundnum-a~oycolumsundercompression,itisa well-knownfacttk=t
theexperimentalfailingstressiscloselyapproximatedbytheEuler
formulawiththetangentnmdulussubstitutedfortheelasticmodulus.

Infigure5,testdataforbucklingofsl.mplysupportedflanges
undercompressionareshownincomparisonwiththetheoreticalvalues
asderivedbyStowell(ref.14)accordingtothemethodofGerard
(ref.15). Excellentagreent isobtained.

Infigure6, test dataofPrideandHeimerl(ref.16]andPeters
(ref.17)forplasticbucklingofsinplysupportedplatesundercovres-
sionareshowninco,xparisonwiththetheoriesofBijleard(ref.18),
HandelmanandPrager(ref.19),H.yushin(ref.20),andStowell(ref.5),
andthe~thodofGerard(ref.15). Pooragreementisobtainedbetweea
thetestdataandtheflowtheoryofHandehn andPrager,whereasrelat-
ivelygoodagree~entisobtainedforthedeformationtheoriesoftke
othqrswithStowell’stheoryinbestagreer~ct.

Infigure7,testdataforplasticticklingofelasticallysupported
platesundersheerareshownincomparisonwiththetheoriesofBi~laard
(ref.18),Gerard(ref.21),andStowell(ref.5). Itcanb.cobs_.ed
thatthemethodofGerard,whichisbasedonthemaximum-shearplasticity
lawtotransformanaxial.stress-straincurveintia shearstress-strain
curve,isingoodagreementwithtestdataonaludnum alloys.

Onthe-basisoftheagreercntwithtestdata,thevaluesof q
recommendedforusewithequation(28)appearintheappendix.Also,
nondimensionalbucklingchartsderivedthroughtheuseofthesereduc-

~tionfactorsappearinfi~es 8,9,and10foraxially.compressed
flangesandplates and for shear-loadedplates.

AssumptionsofInelastic-Buc?XngTheories

Thestateofknowledgeupto1936concerning inelasticbucklingof
platesandshellshasbeens~rfzed byTiimmkenko(ref.2). The=:Q
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ei’?or<src?crt.c’ltl:cv-ei~“Jereca[~c.~~ccdvlthatl~iii~)t.s t-o modifyLk!vari-
ousL-erldiu~-rrfiresttcrl:softd::~e~:l~litriu~,dlfrcrentltile.~u~tionEbyt!.c!
useofsuitak,lcplasticitycoefficientsdetermiriedfrome~.eri.rentaldate
oncolumns.Alt?.oIIghsuchsenier~fricaleffortsrfitwitha reasonet~le
degreeofsuccess,thetkoreticaldeterntinatlonofplasticity-re~uction
factorsforflatplateshasbeenechlevedwithinrecentyearsasthe
resultofthedevelopzxmtofa Satisfactoryinelestic-kuck~ingtheory.
BecausesuchdeveloprxmtsarerecentandbecauqethevarioustheoriesIave
notbeen,asyet,adequatelytreatedintextbooks,thefollowingdis-
CUS6LOnconcerningthe.assu~ptionsandreSLiltSoftheVEiriOU6 theoriesis
presentedinsouedetail.

Mathematicaltheoriesofplasticityarephenomsnologicalinnature
sincesuchtheoriesgenerallyproceedfromtheexperirr~ntallydetermined
stress-strainrelationsforsimpleuniaxialloadings.Intheelastic
range,stressW strainarelinearlyrelatedbytheelasticmdulus.
At strainsbeyondtheproportionallfm~t,a finitestress-strainrela-
tioncanbeusedinthefora

oranincrementalrelationcanbeused

h eitherrelationthesec~tmodulusEs orthetangenttiulus %
varieswithstressandappliesaslongastheloadingcontinuesto
increase.Unloadingusual.lyoccursalonganelasticwe parallelto
ttieinitiale-tic portionofthestress-straincurve.

Inthebucklingprocess,forexample,thestressstateisc&sidera-
blynrmecomplexthansimpleuniaxialloading.Therefore, formulationof
suitablestress-strainlawsforthree-dimensionalstressstatesbeyond
theproFortiorsllimitformsoneofthebasicassumptionsC*thevarious
phsticitytheories.Ease3ongeneralizationsofequation(3) which
involvefiniterelations,deformationt~s ofstress-strainlawshave
beenad-ted. Similargeneralizationsofequation(30)involvingincre-
mentalrelationsarereferredtoasflow-typetheories.h boththeories,
unloadingoccurselastically.

Theuseofthevariousplasticitytheoriesisgreatlyfacilitated
bytheintroductionofrotationa~yinvariantfimctionstodefinethe
three-dimensionalstressandstrainstates;suchfunctionsaretermed
stressandstrainIntensities.Theassumptionthatthestressintensity
isa uniquelydefined,single-valuedfunctionofthestrainintensity

—

—
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fora @ven rzterialwt.enthesLressintensityincre%ses(loadin~)ur.i
iselasticWtenitdecre-fies(unloading) is a secondof thefunda%entsl
hypotkesefiofplasticitytheory.

Thedefinitions.of,thestressw.dstrainintensitiestkeoretlcali.v
canLechosenfro.na f~all%yofrotationallyinvariantfi,anctior.s.Two
suchfunctionsreferre~toas diemQximLK-shearlawend-octahedral-skar
IawhavebeenfoundtobeofconsiderableusefuheseforcorrelaLin3
stress dataonductilezterials.Thus,trothof theselaws.h.aveteen
assumedtoapplyinvarioussolutionsforinelasticbuckling.

Inordertoobtainsolutionstovariousplasticityproblerrs,adiii-
tionalassurzptionsare~-nerallyer@oyed.Theseordinarilyincludethe
assun@ionthatthepri~cipalaxesofstressandstraincoincideandthe
assunrptionofpksticTsotropy.Wtherrmre,thevariationofPoisson’s
ratiofromtheelasticvaluetothevalueof0.5fora plasticallyincom-
pressible,isotropicsolidisnmstpronouncedintheyieldregion.Some
solutionsaccountforthe instantaneousvalueof Poisson’sratiowhereas
othersassumea valueof0.5forboththeehsticardplasticregion.
The latterissumptioaservestosirplifytheanalysisconsiderably.
Correctionsfortheuseofthefullypl.asticvalue ofPoisson’sratio
cangeneraUybeincorporatedinthefinalresults.

Alltheforegoingassumptionsformthebasisforsolutionofplas-
ticityproblemsingeneti. Forthespecificprobleaofinelastic
buckling,Itisnecessarytamakeanadditionalassumptionconcerning
thestressdistribu~idnattheinstantofbuckling.

Fromthestandpointofclassicalstabilitytheory,tttebucklingload
istheloadatvhichanexchang@ofstableequilihriurrconfigurations
occursbetweenthestraightformandthebentform.Sti.cetheloadrezains
conskntduringthisexc.Wnge,a strainreversalmustoccurontheco~vex
sideand,therefore,tkebucklingnndelleadingtothereduced-mdulus
conseptforcolumnsiscorrecttheoretically.

%icticalplatesarxiCOIUMRSinvariabwcontaininitial@erect-
ions ofsomesort,and,therefore,axialloadingandbendingproceed
simultaneously.Inthisczse,thebentformistheonlystableconfi~-
uration.Sincein thepresenceofrelativelylargeaxialcompressive
stressesthetendingstresses aresmll,no strainreversaloccursand
theincrementalbendingstressesintheinelasticrangearegivenby
equation(30).

●

Sincefailingloadsobtainedfrom testson ahuninum-alloy columns
arecloselyapproxinuitedbytheEulerbucklingequationwiththetangent
modulussubstitutedfortheelasticmodulus,certainof theinelastic-
tucklingtheoriesassumetheno-strain-reversal,or ~.gent-nmdulus,
modelas thebasicbucklingprocess andthenproceedtosolutionsbyuse
ofequilibriumequationsbasedonclassicalstabilityconcepts.
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Inelusiic-ikcklirrgi-~.eori~s

Differentinvectlgntcrshnveusedvariousonesof t},oseassuwLions
di.~cussedabove,InordertoindicatethemaJorassuimpkionsunderlyirl~
eachoftl:etheories,ELsunraryispresent~aintable1.

Historically,EiJlaardappezrstohavekeenthefirsttoarrive
at6Qtisfactor~theoretim~solutionsforinelast.ic-buck~ingtheories
(ref. 18).Hisworkisthenestcomprehensiveofallthoseconsidered
inthatheconsiderskth incre.~ntalanddeforrztiontheoriesandcon-
cludesthatthedeformationtypeiscorrectsinceitleadstolowerine-
lasticbucklingloadBth&nareobtainedfromincrerzntaltheories.Eis
workwasfirstpublishe~in1937.!Ihispnperancllaterpublications
includesolutionsto.wnyi.@ortnntinelastic-bucklingproblem.Hov-
ever,thisworkappearstohaveremainedunknoumtonestofthelater
investigators.

IlyushinbrieflyreferredtoBijkard’sworkandthenproceededto
derivethebasicdifferentialequationforinelasticbucklingofflat
platesaccordingtothestrain-reversalrdel (ref.20). Thederivation
ofthisequationisratherelegantandwasusedbyStowell,who,however,
usedtheno-strain-reversalmdel (ref.5). Thedifferentialequation
obtainedbyBiJlaardreducestothatderivedbyStawellbysetting
v . 1/2 intheformer.HandelrxmandFrager,duringthistime,obtained
solutionstoseveralfnelastic-buckl.inggroblemsbyuseofincremental
theory(ref.19). Testdata,suchasshowninfigure6,indicatethat
theresultsofincrementaltheories,regardlessofthebucklingmodel,
aredefinitelyunconsemtive,whereasdefomtion-typetheoriesarein
relativelygoodagreerent.

Alltheforegoingtheoriesweretzscdontteuseoftheoctahedral-
shearlaw. Eovever, testdataontheinelasticbucklingofaluminum-alloy
platesinshearindicatedthattheresultsoftheabovetheorieswere
unconservative.Gerardusedthemaximum-shearlawinplaceofthe
octahedral-shearlawtotransformaxialstress-straincurvestoshear
stressandfoundgoodagreezentwiththealuuinum-alloy-plateshear-
bucklingdata(ref.21.).

Tcsumarize,then,theassuruptionswhichleadtothebestagreement
betweentheoryandtestdataoninelasticbucklingofaluminum-alloyflat
platesundercompressionandshearloadingsincludedeformation-type
stre~s-strainlaws,stressandstrainintensitiesdefinedbytheoctahedral-
shearlaw,andtheno-strain-reversalmodelofinelasticbuckling.Althos.$
theremaybetheoreticalobJectior-istodeformationtheoriesasa classand
theuseofa no-strain-reversalmodelinconjunctionwithclassicalsti-
bilityconcepts,testdatadosuggesttheuseofresultsobtainedfroma
theorybasedontheseassurrgtionsinengineeringapplications.Thechoice
,oflawstotransformaxials‘ress-straindatatoshearstress-straindata

—-.— - -.— -—, —-- - .
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de~endsupontj:ede~reeofcurrc::,:lG:lObt.::irtczlb::”dc%!rleachorth,JJsL’” -
lawswlihpolyaxialtest,dntufor ir.iivldwdI:LLtF:rlfLIs.

FactorsUsedinCo:qm&it.icms

As alreadyinilicated,thelnelastlc-kuckl~ngstressu.~ybccox-
putedbyuseofplasticity-reductfonfectorsappropriatetothebound-
aryandloadin~conditions.ThefacLar3incoqymatealleffectsof
exceeding the proportion92lizxitupon k,,E,a~d
in.preparingdesi~chartsforinelasticbuckding,
straincanbeused:

k# tzEcr = ()5
+ 1#)

Frcmequations(28)end(31)

Ucr* V%r

v. Forconveaienee
thecriticalelastic

(31)

(32)

Therecommendedvaluesof q sregivenintable2. Forcowressive
loads,thevaluesof q derivedby Stowellforinfinitelylongplates
exceptinthecaseofplatecolumns(seerefs.5 and22)havebeencor-
rectedtoaccountforthetistant~leousvalueofPoisson’sratioaccording
toa methodsuggestedby Stowe12.andPride(ref.23). Thusj

,=,8(+)
k-v2) (33)

whereqs istheoriginalvaluegivenby Sti#ell.Equation(33)isthe
formoftheplasticity-reductionfactorstkatappearsintable2 sndhas
beenuse~toconstmctthenondimensionalbucklingchartsoffigures8,
9,andlo.

Forlongsimplysupportedplatesundercoxzbinedaxialco~ression
andbendingBijlaardfoundtheoretically,bya finite-differenceapproach
(ref.24),that

●

—. — —.-. —

*.>

.—. . .

~

-. —



,.. . ,,7 .,,

.*- . . . . . . :, ..-& ~?

.

.

.

.

.

.

.

t}.eplasticity-red.uctionfactorfcraxialcompression.Equation(Zl))
r~lucestOtMs valueforaxialloudalofie,sincea = O forthiscase.
Forpurebendingu = 2 andequation(34)isequaltotheplasticity-
reiiuctionfactorfora hingedfb.nge.

Todeterminetheinstanta~eous value ofPoisson’sratio,equation(25)
canbeused.Forthenond~nencionalbucklingchartsthetheoreticalfully
plasticvalue of0.5wasas3um4forPoissontsratio,aswasassvcedby
Stowellinhisdeterminationsoftheplasticity-reductionfactors.Stowell
andPridereportedon computationstie usingequation(34)insteadof
v = 0.5 andshowedthattherewaslittledifferencebetweenthetwocurves
forflangesandsimplysupportedpliates(ref.23). Bijlaardtookexception
tothisreport(ref.25);however,thedifferenceswere slight,aswns
pointedoutbyStowellandRride,anditcanbeassuredforpracticalpur-
posesthattheplasticity-reductionfactorsshownintheappend~ixaresat-
isfactoryforgeneral desi~andanalysis.

&mStrUCtiOnOfNondimensionalBUC~Ilg(%Sl_tS

Thenondimensionalbuckling-stresschartsoffigures8,9,and10
wereconstructedfromthebasicnond~sionalstress-straincurvesof
figureh andtheplasticity-reductionfactorsshownintheappendix,
incorporatingthemethodofcriticalstrainsasdepictedthroughequa-
tions(31)and(32).Sincethere islittledifferenceamongthenwzeri-
calvaluesofthebucklingstressesthatwcxildbeobtainedforthe
plasticity-reductionfactorsapplicabletoa longckuxpedflangeandto
a hug platewithanyamuntofedgerotationalrestraint,tkesecases
weregroupedintoonee@oying thereductionfactorforthesiuplysup-
@rtedplate,whichistheaverageofthethreefactors.

CIADDIM3RRXCTIONFACTORS

Eaiic%inciples

Thepresenceofcladdingonthefacesofplatesmy haveanappreci-
ableeffectonthebucklingstresssincethecladdingraterial,which
usually has lower mechanicalstrengththantheplatecore, is locatedat
theextremefibersofthephte crosssection(fig.11)wherethebending
strainsduringbucklingattaintheirhighestvalues.

Buchertdeterminedbuckling-stress-reductionfactorsforcladplates
whichincludeplasticityeffectsaswellasreductionduetocladding
(ref.26). However,itispossibletodetezminea reductionfactorfor

.- —---- —.-. -- --- -— ——---- -. .—-. — -- —. -- .—— .
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claddind<a;::..-!J..ltlxiy& uciltli~”tli~-iL:(tl,einclzstict)uc}:lic~stress
t~yiel~a i’innlbucklifi~strc:sforL1.eclmipl;itetl~:~ta~reesquite
close~withtketestdata.Thecladdir~greductio~li’uckrsmaytlhc:.kc ..._—
usedwiththeexi.stin&inelasti.c-bucKLix~curvesoffig~es8,~,aT.A13.

—
Theformofbucklingeqmtionco~mdy useifor detercinin~t!:c —.

bucklingstressofa bureflatplatewithanytypeofloadingandlm~n~~ ““-
arysuppcrtsisgivenas equation(28).Forclaiplatesthisexprec~ian
isusedtofindc nominalbucklingstress,wlierethethic!v.essistt~t
ofthetotl-.lplateandtheraterialpropertiesarethoseofthecore.
Theactual’bucklingstressofa clad@ate thenmy be foundbyapplying
a simplentczericalmultiplierfitothisstress.Thisrultlplier,
termedthecladdingreductionfactorbecauseitreducestheratioo:the
nominalcorestresstothebuc’klingstressoftkecladplate,isa fxnc-
tionoftherelativecoreandcladdingstresslevelsandtherespective
mduliofthecoreandcladdingmaterials.Tkeclad-platebucklingstress
canbe foundfrom 1

acr = <ucr (35)

E tinenominalbucklingstressexceedstk.eproportionallimitof
thecore =terial,thenthenominalbucklingstressforthecladplate
my be foundbyusingtheappropriatevalueof q,theplasticity-
reductionfactorofthecoremterial.Valuesof q maybeobtained
fromtheclad-platestress-straincurveshowninfigure12,thederi-
vationofwhichisdiscussedbelo-w.,

Itshouldbenotedthattheplasticity-reductionfactordepenti
uponthestresslevelandconsequentlyrequiresanestimteofthefinal
bucklingstressoftheplatebeforeequation(28)canbeusedtofi~~
ffcr.Thecladdingreductionfactorhasbeenfourdtobeofsucha -ture,
however,thatlittleerrnrisinmlvedinfirst~indingthenominalbuck-
lingstressandthenmultiplyingitdirectlybythecladdingreductiaa
fact-ortofindtheactualbucklingstressoftlcecladplate.Theprod-
uct qfiis ~T$whichwasdeterminedbyBuck.ert.

Table3 containsalistingofthe=riouscladdingreductionfac-
torsdeteminedinsubsequentportionsofthissection.Inthetable,
allplatesarelor&andsti,plysupported.R.allcasesforwhichtke
claddingproportional-limitstressUcl exceedsthenoninalbuckling
stressUcr thecladdingreductionfactorisequaltounity.Theymn-
tity p %sdefinedas P = aclci~ cr,ad f istheratioofthetotal
claddingthicknesstotheclad-platetotalthi-kness.
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DcrfvaLionOrCoreStress-ZkrElnCurve

Tkecorestress-strein curve My be derivedfroma skress-str8fn
curvefortheentirecladp~%teusshowninfi=ve12. Usingthenoti-
tionoffl~e 11,inuhtcha sectiofiofa cladplateisshown,thetotal
axialloadactingonthesectionisdetermirtibleikon

.

. .

.

.

. .

Dividingthisexpressionby tucoreyields

,

5/ocore=1 -f+pf

where$ = ‘cllacore”

(36)

(37)

!Ums,thecorestress-straincurrecanbeconstructedbyplotting
tF&corestressdeterrzinedfromequation(37)ateachvalueofstrain
forwhichthecorrespondingclad-platestresswasfound.(Seefig.12.)
~.einitial.slopeofthecorecurve,whichisthesarzeastheinitial
slopeoftheclad-platecurve,istheelasticmdulustobeusedinthe
noril.n.=1-buckling-stressequation.Sincethebucklingstress refersto
thecoreruiterial.,UcorewasreplacedbyitscounterpartUcr inthe
succeedingderivations.

~ical valuesof f foralcladplateappearintablek forsev-
eralaluninumalloys.Duchertshoweda valueof acl= 10,~ psifor
ll(X)-KL4alloy(ref.26).However,thecladdingstresstillvarywith
thecladdingmaterial,ofwhichdifferenttypesareusedondifferent
alloycores.

.

Comparisonof‘Tkeovand@erfm_ent

Thetotal-reductionf8ctor,defined8stheproductoftheplasticity-
andcladding-reductionfnctors,hasbeenplot-tedinfi,-.re13asa func-
tiffnofstressforboththetestdataandthetlfeoryir,thecaseofaxially
compressedplates.Wo mterialsarerepresented,eachwitha different
percentageofcladdingthl.ckness.purthe~ore,thefirst(202h-T@Lsheet)
isa sirrplysupportedplatewhereasthesecond(~zk-~ sheet)isa long
colum. Plasticity-reductionfactorsforthesetwocaseswere obtained
frontable2. Itisinstructivetonoticetheclosecorrelationforthe
colunncase,forwhichthetangentmdulusistheapplicableplasticity-
reductionmdulus.Thisfo~owsthepredictionofthesimplifiedtheo~,
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DerivationsofSimplifiedCladdingReductionFactors

Buchertderivedexpressionsforthetotal-reductionfactorforfist
simplysupportedrectangularplatessubjectedtoseveraltypesof lce.iings.

In thefollowingsectionsareprerientedderivationsofsimplifiedcla.iding
reductionfactorsthatyieldbuc’kling.stres6esatallstresslevelsz~’rely
bymLtLplyingthenGzinalstress(elasticor inelastic)bythecladding
reductionfactorattkt stress.Thisisdofieby separatingtheclad.iing
effectfromtketotal-reductionfactorbyusingtherelationshipfi= ~/~.

Case1. LongSs!lySuppotiedplatesin coqression.-Buchertderived
theevressiorifor ~ at a==>upl (ofthecore)(ref.X):

where

~ = (3f%/Es)[1A) + (3/4)(%/%] “

Fora bareplatef = O and ~= q,ufiichgive

(*)

(39)

.
(cf.table2). Then

3 )1.+ (,&,E=jl+{[l+(mJEs]p,,,+(,,4)(2,,++w]~f’
5= 1l+3r (Q)

“1+11A)+ (3/4)(%/%]1’2
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‘ (l+3Pf) +*p+39f)(4+313fp2} (41)
2(1 + 3f)

vhich JllSybewritten

Ifit iS ass-d
sionisobtained

-(8[+i~-[$vfm + 3,f)l}”2)

that 9W/(1+ 3Pf)<<4, thefoUowingsiapleexpres-
forthecladdingreductionfactor: *

(42)

(c)Forl.argestresses,P-O mdtheretore

1
?=— (43)

l+sf

Equations(42) ad (43) m=r infi~ 13~nthefo~of qT= Tfi>
wherethey,maybeseentoagreecloselywiththetotal-reductionfactor
andthetestdata. .,-

Case2. Platecolumns.-Thederivationsof I forshortandlong
platecolumnsfollowthefomnusedincase1 forthesupportedplate
uithoutanysimpli~ingassumptions.Theresultsareshownintable3.
W COlumncurveisplottedinfi~e 13int~~efo~ qT= vi>whereit
isseentoagreecloselywiththedataandwithF!uchert’stheory.

Case~. Langsimplysupportedplatesinshear.-Buchert(re&.26)
showsthat ~ forshearona longsimplysupportedplateis

I
.

. .- . _ -. —.--— -.—.—.. ..—— — . ...—- -- —



.-

,
.,

.

.

.
.

.

.-

wherethenodal-li[,e
@licit equation

slopeoftheshearbucklesisobtaine~from the

The&nLmm-energy state occurs foruncladelssticplateswhen

Ia-l ~, andthereislittleyeasontoexpecta significantlydifferent
valueforcladplates.Consequently,thisvalueof a isassuredin
thefollowingdevelopment:

C5TEsE
.wpa+p3T/%)+*iJ (45)M 4(l*3f)

(a)When acr< ~c13 Ipfi=lq=l.

(b)Theplasticity-reduct~onfactorfor a=r>dcl isderivable
fromthetot.al-reductianfactorintheform

,= (E8,8E)f+(~ps)+-+]

,.
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1:3f 4+(qEJ+3/~-(%iq

1

where Y . 1+ 3pf.

(47)

The expression in bracesdeviatesabout2 percentfromunityfor
f . 0.10 andfor $–>0.2,u~ch willbeintheneighborhoodof the
proportionallimitfortypicalstructuralaluminumalloys.Consequently,
ittillnotintroduceanappreciableerrortoconsideritequaltounity,
inwhichcaseequation(42)forthecompressedsimplysupportedplate
F=ldstrue.

(c)Forlargestresses,$-+0,and therefore {= ~.
l+3f

KEKLINGOFFIATILECTMGUIARPLATESUNDERCOMPRESSIVELOADS

Inthe precedingsectionsthemathe=ticalendphysicalbackground
fortheflat-platebucklingprobleahasbeenpresented.Itwasshown
thatbasicequation(1)canbe usedforthesolutionofbucklingproblems
pertainingtoflatrectan~ platesundervarioustypesofloadingsin
theelasticandInelzsticrangesbysuitablechoiceofreductionfactors
andbucklingcoefficients.Considerationsthatinfluencethedetermina-
tionof k havebeenanalyzedinthesectionsentitled“Easic.Principles”
and“BoundaryConditions.’!Theplastici@-reductionSM claddingreduction
factorswerediscussedinthesections“Plasticity-ReductionFac~ors”and
‘CladdingReductionFactors.”h thissection,andinthosetofollow,t%.e
bucklingcoefficientk wi~ bediscussedanditsnumericalvaluesfor
variousloadingandboundaryconditionsti12bepresented.

Historical Background

_ inves-kigatedthebucklingofa simp~ys-~pportedflatrec-tangu-
larplateundertxialloadingintheelasticrangeusingtheenerw
method(ref.27). Heobtainedtheexplicitformfor ~ forthistype
of l~dingandsupport:

kc = ~a/nb)+ (nb/a]2 “ (48)

I

.
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cOrtd~tiOI15 Ut~liZf:lg bo~h bk eIi.2.-~ up~rc:tct: ar,d Llk4:solul-iott01’t~.e
differentialequntion(ref.2). liiilconstructedQ churtof kc covisY:ng
thecompleterzn.geofpossi~;?:til&X:~’;~conditiol]sfOrf~i[l~]@’k~iIl+i:
simplyc“j~port~~d,clampedorfreeCir;c:on one st.ie, awl simply Guppor!&
orck,peded~~sontheother,withthelomhi C:WS eitherclumpedor
simplysupported(ref.28).

Lundquistand%owe~ presentedtk’efirstunifiedtreatrentoftkc
compressive-bucklingproblemintheiranalyses,byboththedifferential-
equationandenergyrethods,ofthecasesof supportedplatesandflanges
withsimplysupportedlomltiedgesandwithvaryingdegreesof elastic
rotationalrestraintalongtkesupprkd unloadeiiedges(refs.8 and29).

SteinandLibove,inconsideringco~binedlongitudimlandtransverse
axialloads,coveredtheeffectsofc~~ing alongtheunloadededgesot
rectangularplates

Numerical

(ref.~).

ValuesofCompressive-BucklingCoefficients
*

forPktes

Figure14isa sumarychartdepictingthevariationof ~ asa
~CtiOn Of a/b fOrVSriOUSlimithgconditionsOfedgeSupportand
rotationalrestraintona rectangular fht plate.Itisapparentthat
forvaluesof a/b greaterthanfcmrtheeffectofrotationalrestraint
alongtheloadededgesbeccmesnegligibleandthatthecl~ed plate
wouldbuckleattirha12.ytinesamecompressivebad asa platewith
siqpl.ysupportedloadededges.

.
SupportedPlate,~~ws,,

Against
.

ElasticallyRestrained

~otation

Thebehaviorofcompressedplateswithvariouaamuntsofelastic
rotationalrestraintalongtheunloadededgescanbeunderstoodby
exminingtherelationbetweenbucklingcoefficientandbucklewave
length.Forplatessupportedalongbothuriloa.iededgesthecurves
appearinfigure15forrotationalrestraintfromfullclamping(e= =)
tohingedSUppO1’tS(~= O). Fromthisfigure,which1stakenfromthe
reportbyLundqulstandStoveI-l(ref.29),itispossibletoseether~-
ner inwhich~hebucklewavelengthdecreasesasrotationalrestraint
increases,andthevalueof A/b for a minimum value of ~ canbe
seentoincreasefrom2/3fore-lampededgesto1.00forhingededges.
Thelowerportionsofthesecurvesandtheportionstotheleftoftke
mininum~ lineformthefirstarmsofthecurves of ~ as a function

.
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of a/b,as in ?X&me16. Forco.~)leieness,
tr~nsttimsfrom1 to2,2 to3, . . .n ta
includedinfigure15. TheintersectionsoftheseIi’tieswithtl.ecurves
of ~ againstA/b correspon~tothecuspsortthecurvesoffigure16. ‘

PlatesWithUnequalEdgeRotationalRestraint

Figure15canalsobeusedwhenthereareunequalrotational
restraintsalongtheunloadededgesofa plate.Thiscanbedoneby
determiningthe & valuefor$he e oneachunloadededge.Theeffec-
tivevalueforuseinequation(l)canthenbefoundfro=

(49) -

TheaccuracyofthismethodhasbeerIdemonstratedbyLun.iquistandStowell
whocomparedresultssoobtati.edwiththevaluesobtainedby solting
directlywiththeequationsusedbythemforthegeneral caseofro’ca-
tionalrestraint(ref.29).-.

Theelasticrestraintsaremathemticallyequivalenttoa seriesof
unconnectedtorsionalsprings.Sincethisdoesnotriecessarilyconform
tothebehatioroftheusualedge~r orstiffenerofa flatpanel,
itisnecessarytoevaluatetheeffectivesinglespringstiffnessofthe
actual.stiffenerinordertouseeitherfigure15orfigure16. However,
itfsnotnecessarytodeterminethisstiffne=stoa highdegreeof
accuracysincetheinfluenceof E upon & embracesa large range of
sttffnessratios}asisshowninfigure1?forinfinitelylongplates.
Whenthestiffenerrotationalrigidityhasbeenfound,e naybecon-
putedlzyformingtheratioofthisrigiditytatherotatiordrigidiw
ofthe@ate.

RorntestdataGerardwasabletoconstructa chartof k for
lo~gplatesasa functionofb/t forstrongandweakstiffeners
(-f. 31andfig;18).Aboveb/t=200 itisseentbatnnststiff-
enerswilleffectivelyclmzptheplateedge.

SupportedFlangesWithZlasticRotationalRestraint
i

Therelationshipsamng ~, A/b,-d e aredepictedforflanges
infigure19. Itshouldbenotedthatthesecurveswereconstructedfor
a @isson’sratiovalueof0.3,whichalsoappliestothecurvesof &
asa functionof a/b infigure20. Thedeterminationof ~ forother
valuesof v isdis$ussedinthesectionentitled“BoundaryConditions.”

.

.
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Thc~lTUISitiO!l lh~S fO1’1 tO 2, ~ tb 3, . . . n ~ n + ~ buckl~:,:LW
shorninfigure19. %Jever,itshouldbenotedthaktherinimuznlizc
doesnotintersectthecurvefora hir~gedflange(c= O). Forthiscase

.

thereisonlyoccbucklewhichextendsthefulllengthoft?.eI’lange.

As inthecaseoftheplate,thetheoreticalrestrafntactionon ttLe
unloaded supportedeiigeoftheflangeisassumedtobea series’ofdis-
connectedtorsionalsprings,anditisnecessaryinthiscasealsoto
determinetheeffectiverestraintfortheedgestiffenerinordertouse
thecurvesoffigures19and20. However,asfnthecaseofsupported
plates,itisnotnecessarytodeterminec tooaccurately,asfigure17
shows,since& isrelativelyinsensitivetolargevariationsin c.

EffectofIateralRestraintonBuckling

h theusualbuckling-stresscomputationstheplateanalyzedis
assumedtobeunrestrainedagainstdistortioninitsplaneurilerthe
externalloadsapplied.However,forlongitudinalcompressiveloadson
a rectangularplate,theedgesparalleltotheloadswouldtendto~ve
a~rtasa resultofthePoisson’sratioexpansion.Ifthismtion
shouldbe restrainedtoanyextent,forceswouldbedevelopedtransverse
tatheappliedbad whichwouldinfluencethelongitudinalstresstkat
thephte tightWithstandbeforeitwouldbuckle.Iftheinteraction
conceptisemployed,it5sapparentthatthetransversecompressionuculd
loyertheperniissiblelongittiinalstressbyan amuntthatcould.be

‘ foundfrominteraction-curvesutillzingstressratios.

Iftheplateedges
~transverseribseach
forcesrequiresthat

Thedirectionsof ax,

.&erest~inedbyrigidstiffenersheldIn place
witha sectionarea ~, thebalanceoftransverse

...

(50) ‘

Uy,and Crr are shown infigure2L. Theec@va-
lenceof transversestrainrequiresthat

●

(5U
r.

assumingthattheribs”andplateare of thesamemterlal.Fromequa-
tions(!%3)and(51),thetransversestressbecomes

“,. —
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Fromthispointitisa sirplerottertodetermtfiett.ereduced
longitudinal-bucklingstress.Thismy keexpressedinte=5ofthe
newvalue ofthebuckllngcoefficient~ esshowninfigure21,which
isa modificationofcurvespresentedbyArgyrisandDunne(ref.32).

BWXZNG OFZ’IATRECTANLUURHATESUNDERSII!WRLOADS

HistoricalE!ackground

SouthwellandSkancomputedthecriticalshearlosdfora flatrec-
tangularplatewithsimplysupportededgesandwithffiededgesbymeans
oftkebucklingdifferentialequation(ref.33). Tinxmhenkoinvestigated
shearbucklirgalso(ref.2);however,heusedtheenergymethodand
obtaineda criticalloading6.5 percent.higherthantheexactresultof
SoutbwellandSkan.

Stowel.1deteqmi.nedshear-bucklingcoefficientsforinfinitelylong
supportedplateswiththeedgeselasticallyrestrainedagair~trotation
(ref.%). Heutilizedthedifferentialequationforanexactsolution
andtheenergyintegralsforplottingpurposes.StoweHpresentedhis
resultsinthenannerofSouthwellandSkan,whoplottedthebuckling
coefficientasa functionof A/b forlongplates.Thisisthesame
procedureusedbyI.undquistandStowellforcompressiveloadlngonplates
ofanylength(refs.8 and2g).

mtricatihtisptric Modes

Thesolutionsobtalned~SouthwellandSk- (ref.33)andby
!J!imshenlm(ref.2) pertainedtoa buckleformtemedthesymetricmode
becauseofthe~etxy ofthemodeshapewithrespecttoa diagonal
acros6theplateatthenode-lineslope.SteinandNeffexminedthe ‘
antisynmetricbuckletie forsimplysupportedplatesandfoti thatit
hasa lowerbucklingstress,withina stall.rangeof a/h values,than
doesthesymmetric-tie(ref.35). SteinaiidNeffalsorepeated
Timoshenko’scalculationsforgreaterprecisionandobtsinedanesti-
=ted errorof1 percent.

BudianskyandConnorinvestigatedtheshortclampedplateforlmth.
symmetricandantisymetricbucklemalesusingthelagrangianmltiplier
method(ref.36). Exceptfora smallrangeof a/b values,tkesymmetric
tie wasshowntoyieldthelower bucklingstress.

.
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Numerkal ValuesofShe4r-DuckllngCoefficient

r Theplotof k~,asa fmctim of a/b appearsinfigure22. It .—
maybe seenfromthecurveshozthesymzitricandnntisynmetricmodes
alternatewithoneanotk.eras a/b increases.Forlongplatesthe
valueof ks my befoundfromfigure
a functionof c.

=fectofPlateLengthon

23(a),inwhichksm appearsas

BucklingCoefficient

When k~ isplottedasa functionof a/b forinfiniteandzero
valuesof e (clampedandhi.ngededges)asshowninfigure23(b),it
my be seenthatthereislittledifferencebetweenthetwocurves.
Thissuggestsa rapidmethodofcomputingtheshear-bucklingcoefficient
foranyvalueof e. ThecoefficientforthespecifiedE isob-ti~
fromthecurw=cf &= asa functionof e (fig. 23(a)),whichisa
replotofthe-minimumks line(n= m)offigure24. Also,theratio
ks~ksmisfoundfromfigure23(b).Then k~ forthespecifieda/b
and E maybe foundbycomputingtheproductofthesetwonumbers.
Estimationofthecorrectvalueof ks&=I willberelativelyfreefrom
errorbecauseoftheproximityofthetwolimitingcurvesinfi~e 23(b).?

BUCKLIMOFFLAT# REC711GUIARPLATES UNDERBEND~W2LOADS

HistoricalBackground .’
. .

Timmhenkoinvestigatedthebucklingstressesforflatrectangular
platesundercombinedlongitudinalandbendingloadsusingenergyinte-

—

gralsandobtainedvaluesfor kb thatagreewe~ withlatercalculations
ofhigherprecision(ref.2). SchuetteandMcCullochanalyzedlongplates
underpurebendingtithsupportededgesandelasticrotationalrestraint
(ref.37).JohnsonandNoelalsoinvesti~tedthebuck31ngQfplates
underlongitudinalaxialloadandbending(ref.38),andNoelanalyzed
platesforlongitudinalbendingplussxial-loadcombinedwithtransverse ‘
=ial load(ref.39).

NumericalValuesofBendin~-BucklingCoefficient

me relationsbetweenbucklewavelengthandbucklingcoefficient
for=ious valuesofrotationalrestraintappearinfigure25together
withthewave-lengthtransitionlines.Thecurvesof ~ asa function
of ajb areshowninfigure26. Itisofinteresttonotethatthe

,,. .b
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valueof kb forinfinitepl.te6isroughlyslxtinesasgreatasthe
valueforthesupportedplate~ forallvaluesofrotationalrestraint.

BUCRLINGOFFIATRSC3XMWLARPIATESUNDERCOM31NEDLOADS

GeneralBackground

Flatrectangularplatesfrequentlyaresubjectedtocombinationsof
elementaryloadings.Ithasbeencommonpracticetoconsiderelementary
loadingsinpairsandtodetermineaninteractioncurveorcurvesforthe “
combination.Eowever,tworecentpaperstreattriplecombinationsofthe
elementaryloads,sothataninteractionsurfaceinstressratiosisgen-
erated,andbytakingapp~priatesections(e.g.,lettingoneofthe-
stkessratiosequalzero)it ispossibletoreproducetheinteraction
curvesthatk“erederivedpreviouslyintheliterature. .

Interactioncurvesforthecodinationofbending,shear,andtrans-
versecompressiononlongplatesweredevelopedbyJohnsonandlhcbert
(ref.&.O),andNoelConstmctedtbetwo-dtinsiondsectionsofthe6ur-
faceforlongitudinalbending,longitudinalcompression,andtransverse
compression(ref.39). Thebackgroundsforthevariouscombinationsof
loadingsarediscussedinthefollowingparagaphs.Interactioncharts
areshowninfigures27and28, in whichsectionsofthetriplestress-
ratiosurfacesappear.

A sumzaryoftheloadingC~ditiOn6discuese~inthefo~owingpars-
9gmphsappearsintable5. Interactionequationswhichexistfora few
casesareincludedinthetable. t

,r
BiaxialCompression -

Tinnshenkoderiveda relatlonbetweenthelongitudinalandtransverse
edgestressesactingonarec~r plate~tbuckling(ref.2). This
relationwasenluatedforthelowestpossiblecombinationofstressesby
meansofa chartthatMUStbedrawnforeach a/b mlue underconsidera-
tion.AsoneMsltingcaseofplateproportionandloading,!lEhmshenko
denmnstratedthata squareplateloadedbyequal.biaxialstrecseshasa
bucklLngcoefficientof2,orhalfofthatfora uniaxiallyloadedsquare
plate. e

LiboveandSteinevaluatedbucklingunderbiaxialloadingsby the
energymethodforrectangularplatessupport@inseveraldifferentnan-
nersandpresentedtheresultsinchartsof-~ asfWnction6of a/b
forvariousvaluesof kyjwhere *

—...— - .---— —..,,, —- .“--!-
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and ax and Uy =e thetwostressesactingontheplateatbucklira
(ref.30).

Nosimpleinteractionexpressionsexistforthestressratiosin
thegeneralcasefortheloadingsemdsupportsinvestigatedbyLibove
endStein.However,forsqusrepanels,orforlongpanelsthatbuckle
Insquarewaves,itcanbeshokm,fromTircoshenko’sresults,that

Rxt~=l

Noelconsideredmarecomplicatedloadingconditionsandpresente~
dak fromwhichinteractioncurvesuybe constructedforbiaxialloadtis
foranyvalueof a/b (ref.39). Noel’scurvesappe=infigure28.

Shear andkimalStress

Bye,pplicationoftheener~method,StowellandSchwartzexamined
theconditionsunderwhichbucklingwilloccurona long,flat,rectan-
gularpanelwithedgeselastlca~restrainedagainstrotationunderthe
sinmltaneousactionofshearandnozmall.stresses(ref.41). ~ey derived
theinteractionre~tionshipbetweenthe

.~+F@=

Theyalsoderivedanexpressionfor
bucklingthroughuse.of thedifferential

stre3sratiosh“thefo-im

1 ‘ (55)

thestressco~binationat
eqyationandtestedtheinter-

actionequationforseveralvaluesofrestraintcoefficiente. The
agreementwiththeinteractionequtionwasfoundtobe excellent,asa
consequenceofwhichtheinteractionequationwrittenaboveraybe
appliedtothisloadingcaseforallvaluesof restraintcoefficient
andmy beusedwhentheaxialloadiseithercompressionortensioc,
protidedtherestraintcoefficientsarethesameonbothedgesandtie
panelisinfinitelylong.
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Theproblemof~etci%inln~criticalloadin~combinationsfa?d.cur
anitransversenormlstress was solved by~ltdorfandHouLoltbyboth
tt.eenergymcttiodud thedifferenti~lequation(ref.42). Tti~signifi-
cantresultof thisworkisthedemonstrationthatroughlyhalfoftl:e
criticalshearstressraybeappliedtoa transverselycompressedpmel
withoutlcx~eringitspermissiblecompressive-buckling.atress.

Thisworkwasdoneoninfinitelylongpanelswiththelongedges
supportedandelasticallyrestrainedagainstrotation.Therestraint
coefficientwasfoundtoexertanappreciable(althoughnotverylarge)
effectuponthecriticaLloadingcombination.Theresultsforthistype
ofloading,conseque~tly,donotlendthemselvestothewritingofa
simpleexplicitinteractionequationbetweenthestressratios.The
curveswereplottedbyBatdorfandHoubo2tforbothcompressiveandten-
siletransversenomalloadingsincofiinationwithshearovertheentire
=nge ofrestraintcoefficients.

Thetwoprecedingloading~onditionswerereexaminedforsimply-
supportedplatesoffinitea/b byBatdorfandSteinwiththeuseof
theener~equations(ref.43). Theyshowedthattheparabolicinter-
act~onexpressionofStowellandSchwartz(eq.(55))agreeswiththe
interactioncurvesforfinitevaluesof afi forshearpluslongitudi-
nalcompression(ortension)(ref.41).However,thecurvederivedfor
infinitelylongpanelsundershearandtranm’erseloadingrequiresmxli-
ficationfor finitevaluesof.a/b. Fora square paneltheparabola
agreeswithther!ndifiedcurve,whilethesimple+dge-supportcaseof
EatdotiandHoubolt(ref.-k2)maybeusedfor a/b.=k. Thetransition
regionfromthemdifiedcurvestothosefor a/b=m liesbetween
thesetwotiuesof a/b.

TheMge shearstressthatmaybesuperimposeduponthecritic~l
Compressi-stresswithoutloweringthepermissiblecwressfvestress
forinfinitelylong panels isnotpossibleforsqmreplates.= fact,
itappearstobepossiblefor.infinitelylongplatesonly.

1.

BendingandHOrmSlStres;

Tirmshenkodeterminedthecriticalcombinationofbendingandnor-
=1 stressesactingonsimplysupportedfl%z.rectangularplatesusing
theenergymet?xd(ref.2). Hedeterminedthebucklingcoefficientas
a functionof a forseveralratiosofmomentlosdlngtoaxialloading
forpanelswithvariousvaluesof a/b.

JohnsonandNoelbroadenedthescopeoftheproblemhyincluding
elasticrotationalrestraintalongtheunloadedcompressionedge(ref.38).
Theirresultswereplottedas kb versusA/b forallvaluesofrestraizt

.— . . ..
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coefficient.Onecharti6rquiredfOreachofthe
gitudinalloading“tomomentloading),of.whichfour
Theloadingratio.isde~icedby”

12M~.—
Pb+6M

Pb=6(2-G)
M al

?iACAV! 5751

loadingrntios(lon-
valueswerechosen.

(56)

whereP isthelongitudinalload,M isthebendingnxment,and b
Isthepanelwidth.TheyalSOplOt kb asa functionof a/b forthe
casesofsimplesupportandclampingoftheunloadedcompressionedgeof
thepanel.Inaddition,theeffectoffti}~yofthetioadedtension
edgeisdepictedforvariousvaluesof u..% a plotof kb vers= ab
inwhichthehinge~andfixedcasesaredrawqonthesanegraph.Itis
apparentthatedgefixitydoesnotbecomeimportantuntilu falls
below7/4,whichcorrespondsapproximatelytoa Pb/M of1 ormore.

Grossmanexaminedbendingincofiinationwithtransversecompression
usingtheenergymethod(ref.4f+).Hefoundthatforinfinitea/b tke
bendingstressmtio canbe0.9atthesametir&thatthetransnrsecom-
pressivestressratiois1. Healsoprovidesa graphofthestress
ratiosforseveralvalues of 8/b; however,apparentlyonlytheinfi-
nitelylongplateiscapableofwithstandingbendingstresseswithout
bucklingwhilethetransversestressisatitscriticalvalue.Thisis
similartotheresultfourdbyBatdorfti Ste~~forshearandtransverse
compression(ref.45).

NoelprotidesInteractionc&ve&forsimplysuppertedre&angular
platesloadedinlongitudinalbendi~,longitudinalcompression,and
transversecompression(ref.39]. Ibrthelimitingcaseofnotransv&rse

, loadingtheyagreewiththeresultsofJohnsonandHeel(ref.38),and
whenthelongitudinalcompressionvanishestheyagreewiththoseof
Grossman(ref.44). Consequently,theirchartscanbeusedforbothof
theseloadingcombinations.~.ecurvesappeminfigure28.

ThedataofJohnsonandNoelandoflibelwereobtainedfromequa-
tionssolvedforinfinitevaluesof am andwereapplledtofinite
=luesof 8/b byuseoftheidentity

/

A/b /=’amb (57)
.-..
.
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l%i~procedureraybe qtiestionedfor62311aspectratios;hc.yever,it
maybeJustificibyco~arisonwitiltheworkofTimx:~enko(longitudi-
nalco~ressionamlbending)andwithtk.eworkofGrossman(transverse
compressionandbending),withwhichtheresultsofJohnsonandNuel
andofNoel6howgod agreex.e;.t..

● .“

BerziingandShearStressr
TLmoshenkoreportstheresultofanalyzinga rectangularflatplate

todeterminethecriticalcombinationofbendingendshearstresses
(ref.2). Heusedtheefier~mthodand.plottedthebucklirzcoeffi-
cient,ofthepanelasa fhctionoftheshearstressratio.Tinecoeffi-
cient,whendividedbyth& forthebendingloadalone,becomesthe
bendingstressratio,andthesetofcurvesprotidedbyTtishenkofor
various~ues of a/b becomesanfiteractionchart,fromwhichitnay
be seen that theinteraction

Themnge of a/b forwhich
to1.0. However,thecurves

equationisa unitcircle:*

R~2+Rb2=l (*)

Tinm&enkoplottedthecurvesisfrom0.5
loopbackO%themselvesas a,b increases,

thusindicatingthatlargervaluesof a/b wouldyieldcurvesfalling
withintheplot.The~imun variationofstressratiosabmt thevalues
obtainablefrm thecircularinteractionequationis7 percent,withthe
equationvaluesthehwest (andhencether.stconservative)ofall.

8

Bending,Shear,:andTransverseCompressfbn

JohnsonandBuchertutilizedtheLagran&ianmultiplierrethodto
determinethecritical co~binationsofbendtng,shear,andtransverse
compressiveloadson rectangularflatplatesofinfinitea/b (ref.40).
Theresultsappearas interactionsurfacesinthethreestressratios~,
R6,and ~. Thetwotypesofmpportfortheplatearesimplesupport
alongbothlongedgesandsimplesupport along thetension(dueto
bending)edgewithclamphgalongthecompression(duetobending)edge.

Sectionsof tliiinteraction-surfacestakenperpendiculartoanyof
thethreestress-ratiosxesyieldplanestress-ratiocurvesthatagree
withtheresultsobtaineddirectlyforthesecasesinpreviouspublica-
tions.Thisistzmeonlyofthesimplysupportedplate,ofcourse,since
nothinghasappearedintheliteratureforshearplusbendingofplates
withthecompressionedgeclamped.Theinterestingresul~ofa shear
Stress ratio equal. tO l.~, tith Rb eqwil to 0.5, isrevealed(fig.27(b)),
aswellas thecombinationof,Rc= 0.94,Rb= O.X$ and Rs= 0.43.
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TransverseCGrpression

TheworkofIrcel(ref.39)ont~Lepmb~em~flonEl~udiru~~~XOWl{I‘:{
~on@tudinalcompression,andtransversecoripressionLQShccrlt~[xc’’jfi”’”
inthesectiononconibinc,ibendingandfiorc-alstress.me pertlni~rl~
interactioncurvesappearinfigure28.

CombinedtielasticStresses

Stowellutilizedtheconceptofaneqtivalent=stress ~tensftfl ‘“r
combinedstressesappliedinconsbnt ratio during loadingin t~l’:I:,,.]nLl-
ticrange(ref.45). Heexaminedtheproblemofdete~ni~gtl.c~rlt[cu~
combinationofshearandlongitudinalcompressioninelasticallys’l~],,r@

-. flatrectangular platesbyusingtheenergymethodtodetemnfnctl;c
bUC~llgstresses.rnQ theseresfit~,stressratioswerep~otte?d
,directlyfromthetheoreticalresultsandwerealsocorrectedfor‘i’e
changesineffectivemadulus.Wornthis,StowellCODClUd~that~jt]’
little@mor thefollowingstress-ratioequationisapplicable:

(ES) [1()E 2

%
s ps

2+ %—
() ()

=1
% ai ‘Sai

(ya

iInequation(591s(Es)p.isthesecantmodulusat a = acr forWrd ,
compression,()Es~~ iSthecorrespondingsecant~ti= forput?aa~)nnr)~

~ (%)=i
,

is’thesecantrmdul.usror the effective stress ofthe‘m- :

bindldngathcW&; (~)ai=
~(”~+3T’)~3.$+~]’’2*g’” ‘

s~~i~y ofthisexpressiontothatforthee&tic caseisapPnret]t;
tifact,intheehsticrangetheexpressionr~ucestotheeq~tion‘or
elasticloads.

A recentinvestigationofpeterson long ~gwe tu&5 lo~ded f~
tQrSiOEl and compression (ref.17)fidic~test~t a StEss.mtio eqwb~ion
of thefoxq

●

R&+R#=l (60)
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ag?ec=sli@KLybetterwit.11thetestIiatu(fig.29)thandoestkemdi~icd
Ff4ratmlaofStowell(ref.45). Actually,tlie data yieldslightlyhifjler
stress-ratiocmi-oination.stli2ndo ei~herofinteractioneluations(59)or
(@),tiththediscrepncyi,,crea~ingl~ithdeereasir@stresslevels.For
stresceswhollyintheelasticrangethedataareasmuchaslCQpercent
higher(thatis, Rb is0.4insteadof0.2for &- equalto1). The
dataalsoagreecloselywithe theoreticalcurveobtainedbyEkx3iansw,
Stein,andGilbertforlongsquaretubesloadedelasticallyintorsion

I .._
i

andcompression(ref. 46).– -

EFFECTOFPRESU~@01{BUCKGIG3OFRECTANGULAR

RangeofPublishedResults

FL4TPLATES

Theeffectofnormalpressureon thelongitudinalcompressive-
bucklingstressofa rectangularflatphte hasbeeninvestigatedfor
bothsimplysupportedandclanpededges.Levy,Goldenberg,and
Zibritos’~(ref.47)analyzedthesimplysupportedplateusingthe .
largedeflectiondifferentialequationsofVonI&r&. Theplatelength.

=

wasfourtimesthewidth,wkiichplacesitinthelong-platecategory.
Thedatar%feala rise in longitudinalcompressive-bucklingstressfor
thisconfi~tionwhichincreaseswithpressure.However,thisrise
E%yW realizableonlyina plateofsuchproportionsendloadingbecause
oftkesignificantdifferenceinwaveformsof thelongplateundercom-
pressiveandpressureloadings.Itmaybe intuitivelyevidentthatwhen
thereislittledifferencebetweenthesewavefoz%i,suchasfora short
plateundercombtie~lor~itudinalcompressionandnorml pressure, there
raybe a reductionintheco~ressive:buc.klingstressoftheplate.No
dataareavailableinthiscase,however.

.

Longitudinally CorcpressedLongSimplySupportedPlates

Highnormlpnessure=s foundtoincreasethecompressive-buckling
stress~nsiderablyforthelongsimplysupportedplatetestedbyLevy,
Goldenberg,andZibritosky(ref.47).. Forexample,whenthdpressure
appliedtoa platewithlengthfourtimesthe@.dthreached24.03Et4/b4,
thebucklingstresswas3.1 timesthatforzeronormalpressureonthe
phte. Levy,@lderiberg,andZibritoskyalsoshowedthatmorethanone
equilibriumconfigurationoftheplatewaspossibleWhen’normlpressuzze
wasapplied,withtheconfigurationatanyinstantdependinguponthe
previousloadinghistory.Theplatecouldbeeitherbuckledorunbuckled
undervariousspecificcombinationsofaxial load and 110~1 pressure.

●
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Lcm.gitudinallyCompressedLongC1.n.mpedPlates

Wmlley,Corrick,smdLevyanulyzeda lox~itudinnllyco.rpressed10T1c
c~ei plate(ref.43). Forthiscasetheeffectofpressurewasnotso
prcmxncel as forsimplysupportedewes. Theratinmmbueklir.cloadfor

44a pressureof 37.75tt~u wasfoundtobe1.3timesthstforno norxul
pressure.Also,forcti~edplatesthebucklepatternwasfo’~titohe

* uniqueforanyparticularcombinationofpressureandaxiallcmding.

SPECW*CASB

Useof Elastic-Buckling-StressExpression

It hasbeenshownthattheelastic-bucklingstressfora~ flatrec-
tangularplateofconstantthicknesscanbecomputedusingequation(%)
forvariousloadingfindboundaryconditions.Therearealso flatplates
ofinteresttoaeronauticalengineersthatareneitherrectar~arnor
of constantthichess.Bysuitablechoiceofthebucklingcoefficient
anddefinitionoftheplatethicknessandproportionsItispssibleto
utilizeequation(26)tocomputethebucklingstressesfortheseplates
also●

AxiallyCompressedPlateWithVariableLoading

andThiclmess.

Pines and Gerard inve~clgatedtheproportionsofa simplysupported
flatrectangularplateundervsxyingaxialloadingtodetemiaean effi-
cientthicbessvariationforminimumweight(ref.49). Theplaterigid-
ityvasassmedtobeproportionaltotheaxialloadinordertosatisfy
equation(26)atanyspanwisestation.Theloadvariationalongthe
plateuasassuredtobeproducedbyshearstressessmallenoughtohave
negligibleinfluenceuponthebucklingcharacteristicsoftheplate.
R.rrthernore,theairloadingona typicalwhg developsa coveraxial
loadir~thatcloselyfollovsanexponentialvariationthatdecaysfrom
therootoutboard.Thiswi~ dictatemaximumaxialloadingontheco~r
attheroot,whichisdepictedas stationA infigure30,inwhicha
sketchofthetaperedplateisshowntogetherwcfththeloadingandplate
thickessvariationsthatfollovasa resultoftheassumptionsmadeby
PinesandGerard.

Resultspresentedintheformofthebucklingcoefficientasa ftinc-
tionof a/b forvariousvaluesofthelogarithmoftheloadingratio
(Y-_ lotiing,~inimmloting)reveallittleincreaseofbuckling
coefficientuntiltheloadingratiobeginstoexceede (thebaseof
naturallogarithms)(fig.30).

.
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AxiallyCorpresscdPlate

cons-ant

Theproblemofdeterminingthe

WithVariebleLoadingand

Thickness

bucklingstressofanaxiallycom-
pressedflatrectan~larplatebasinvestiga~edbyLibcve,Ferdmin,and
Peuschfora simplysupportedplatewith’cozstantthicknessanda linear
axialloadgrdient(ref.~). Theyplottedtheeffectivebuckling-
stresscoefficientasa fumctionofthe.loadingratiofor variousvalues
of a/b. Forthesakeofuniformityofpresentation,theircurveshave
beenreplottedhereintheformof ~av asa functionof a/b for
variousvaluesoftheloadingratio,includingnegativevalues(tension
atoneedge)aslargeas -3. Tke.securvesappearinfigureS1.

Thebuc’klingcoefficient-~av appliestotheaverageaxial

loadingontkeplate,whichisequalto (oA+6B)~ with UA assumed
tobethelargerofthetw endloads.Theaverageplateloadis
(uA/2)~+(1/P)].~iswtit. rapidc~~=isontiththe~c~ing
stressofa platewithconstantaxialload,whichisthecurvefor
S = 1 infigure31.

LmR dateswillbuckleattheendatwhichthemaximumloadis
applied,~f=rwhich~ isequalto4.

parallelo~Panels

Andersoninv&tigatedcompressive

in Compression

bucklingofa flatsheetsub-
dividedintopanelsbynondeflectirgsupportsthatforma parallelogram
griduorktier thesheet(ref.51). Onesetofsupports(allequally
spsced)runslongitudina~y,andtkLeothermm atanangleq tothe
nomal.,ortransverse,direction.Thelongitudiml.spacingofthediag-
onal.supportsis a,andthetransversespacinqofthelongitudinalsup-
portsis b. Eucklingcoefficientswereplottedasfunctionsof a/b
fof%othlongitudinalcorspresgionandtransversecompression’forvarious
vahmSOf theangleQ (figs.32(a)and32(b)).tiaddition,inter-
actioncurveswereprovidedforcombinationsofthesetwoloadingsin
theformof,buckling-coefficientcombinationsforvariousvaluesof q
(fig.32(c)):



.

:.r- !:?L’iim; f,. :

.
.

.

-m
.

-
1.

,:

i

#

Thetransverse-bucklingcoefficientisnotsoseverely af’~eci.edI’y
V, sincek increasesfrom4 ‘to~ as q increasesfromzero to joO.
For q equalto60°, k is9at a/b=l.

Parallelo&amPlates-.

Witt~ick-determinedthelxc?di ~ stressofaparallelogranplate
withclazpededgesundertheactionofuniformcompressioninocedirac-
tion(ref.52). HisworkdiffersfromtheworkofAnderson(ref.~)
inthatspecifiedrotationalboundaryconditionsareappliedtotke
plateinthiscase.BothWtttrlcka~dAndersoaemployedtkeener~
apgroachinobllq~ecoordinatestoobtainsolutions.Resultsarepre-
sentedintheformofcurvescf%kebucklingcoefficientk= asa Fazc-
tionof a/b. Wittrickpresenteddataforedgeangles of 00 (rectar~~-
Iarplate),~“, and47 as shQwninfigure33(a),in ‘vhichthepbte
geomet~isdepicted.

Guest(ref.53) andGuestandSilberstein(ref.~) analyzedsirply
supportedparal.lelcE.~mpla~~sundgrlongitudinalcompressionand,fora
rhoffibicplateof3@ edgesagle,deteru...edt~~t ~ =’5.60.Wittrick
also analyzed clarpedparallelogramplatieifishearandobtainedthe
resultsshouninfigure33(b)V(,ref, 55). Hasee%waanalyzedbucklingor
clampedrhombicplatesinshear(re~. ~)j forwhichbucklingcoefficients
appearinthetablebelow.Thegeneralplategeor~tzyoffigure33(b)
appliesM thiscase.

● 1
Et,deg. . 0 15 20 w 35

ks ● . . . 14.7 21.0 ‘6L .6
?

40.0 51.0

*

IYiangularPlates

‘Ike:ucklingoftrien.@arplatesundervariouslea@:-andedgescp-
portswasinvestigatedbyVoinowsky-.Krieger(ref.57),Klit&hieff(ref.7J”
Wittrick(refs. 59 to 61), andCoxandKlein(ref.62). Woinowsky-YXicgPu
ccrptedthebucklingstress ofa simplysupportedequilateraltriangular
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Fk Leunteruniforv.cc,~rczs3..nsmlfcna,dkw Laequal> when1.Ecbase
s?thetri~r.yleistakene;ualLO b inequ2”.icn(X,. Klitchieff
:nv~’sti~~tedthek.xklin~ofrig?,t--,-w~e Lsoscelcstria:>d=llar pla=s
‘.’it.11pureshearofithe0rVr,0;J2nSlside3uppliedsoas toproducecOm-
?ressicnalGP<thealtitu~eup>ntliekypotenase.Wittrickevuluatedthe
bucklingcoefficientforshearapplieiso as toproduceeftkr coqm2s-
sienor tension alorg the alti%ludecadalsoincludedtk.eeffectsofnor-
.--1stressesappliedtot!.b’”e;ualle~sof L?.etriangle.CoxandKlein
&nalyzcdbucklinginisoscelestrlanz~esofa~yvertexanglefor normal
stress aloneandforshearalone.

Thebucklingcoefficientspresentedintinissectionaretobeused
inconjunctiontitkequation(%). ‘l’rLe~eo~etryofa triangularplate
issho%~.infigure34. ThedataofcoxandKleinappearinfigure3k(a)
foruniformco~re~aionandinfigwe34(b)forshearalongtheequal
legs.Eothsimplysupporte~andchwed -es werec=,sidered.The
resultsofCO%and~ein agreewiththedataofWi.ttrickforri&ht-an@e
isoscelestriangdarplates,‘~hichappe=intable6. ‘R,eshearbuc-kling
coefficientsks+ and ~- refertopuzzeshearloadingswhichproduce
tensionandcompression,respectively,alongthealtittieupon.thehypote-
nuseofthetriangle.

For.she=andnormlstressona right-angleisoscelesplatethe
interactionequatien

applies,inwhich

( 2T )2+U + A(1 - U2] = 1
‘cr+ + ‘cr. acr

u“=(% - k~+- )/( )
ks++ k6-.

ResearchDivision,CollegeofEngineerir!!,
NewYorkUniversity,

NewYork,R.Y.lOctober29,19.34. “
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Froccduresforthecomputationoftheelasticandplasticbuckli::~;
stressesofflatplatesbasedongeneralplate-bucklir~equation(1)mre
summarizedinthiseectica.me factorsappeari~ginthisequationare
brieflydiscussedandchartsarepresentedfromwhichnurericalvalues
ofthesefactorsmy beobtained.

Theelemeritaryloadingssuchascoqressionj shear,andbending
frequentlyareconsideredinprelizdnarydesignbyusir~thebucklir~
coefficientsforthe13mitingcases(infinitevaluesof ah, ckping
orhingingoftheplateedses,andsoforth).Forconveniencetable7
has beencompiledcontainingthewaluesoftkebucklingcoefficients
thatpertaintoso~eoftheselimitingcases,whilefigure14displays
thecurvesfor ~ asa functionof a/b fordifferentcombinations
ofllmitingedgeconditions.

.-..“,

.......
PhysicalPropertiesofYsterials ●

The bucklir!!stress of a flat plateisdeterminedwhentheIoadir&,
plategeometry,andcaterialaresFeclfied.Theloadingdictatesthe
particularcharttobeusedtofindthebwkMng coefficientk, andtke
platea/b andedgerestraintlocatethenunericalvalueof k tobe
found fromthatchart.Foranuncladplate(fi= 1)whichbuckleselas-
tically(~= 1), Ucr canbe fouriddirectlyfromequation(1)if E is
known* Theeffectsofcladding~~dplasticitydependuponthetypeof
loadingandthestresslevelandthereforerequirea moredetailedkncul-
edgeofthestress-stmfncharacteristicsofthematerial.

.
Thethree-parameterdescriptionofstress-strainda- c-be useif

= a convenientge~eralizedapproachinbucklingproblems.Withthis .
~tkodfigure3 can be employedtofindtheshapefactorn. Since2,”
uoa7,and n canbereadilydetermined(seetable8 foraveke values
of n),nondimension~curvesareavailablefromfigure4. ItiS tobe
notedthat$in~ny cases,plastic,-bucklingchartshavebeenpreparei

—

fromwhichtheplnstic-bucklingstressmaybedeterminedifoneknows
E; U0.7) md n.

.



0.1loys . !l%eneu”designat.ions.areusedWm3ughcmttMf3 reportawl t.ke
I tableisinclu+edforusewithLkevariousreferences.Characteristics

. 1 of theckddicgusedonse;’eralstructuralaluminumalloysareshe-min~ table4.I
.- i

I

Poicson’sratiobeyondtheproportionallimitc= be calculated.
Usfng Vpl = 0.5 in th~ expression

i-

1
( ‘ve)(ES/E)v = Vpl- Vpl

.
Frequentlybuc’klingstressesareco~~teclusingtheequation

ucr= fiq~(tfi)2

(Al)

(A2)

[

‘whereK = h2/1.2(1- @). me expressionK/k canbefoundasa func-
tionof v infi~e 35.

“i

I CompressiveBuckling

1“Plates.-Forplates,kc appearsinflgue16Interms-ofafb
and e andinfigure15internsof A/b ad E. Foraninfinitely
lo~gplate,‘~ rfiybe foundfrcnfigure1~intees of E alone.
Wcen e isnotthesameforbothumloadededges,thegeclzetricmean
ofthe & valuesforeachedger&ybeused(eq.(49)).

1 Theplastici,m-reductionfactorfo$& longplatewithsimplysup-
portededgesis

. 1 w%~lefora longclampedplate

[

Izelasticplate-buckling~tressesmaybecalculatedusingthenondiren-
sionnlchartoffigure9.

.-.
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Theeffectof“lateralrestraintinreducing & maybe detem~ned
fromfigure21forv=~’~esof Ar/at)andtk.eeffectsofthicknesstaz-r
andaxialloadvariationmaybecalculated‘withtheaidoffigures.V
and31.

Thegaininbucklingstresswithobliquityoftheloadededges:s : —
sho’vninfi~-e33(a)forclaE@ parallelogramplates,vhilefigure32
depictsbucklingcoefficientsfo:largesheetsdivi~e~intoperallelcgran

.—

panels by nondeflectkgsupports.Fordataontriangularplates,fig- !
m,34(aj raybeusedtofind ~.

‘The variationin & with b/t forstiffezedphteswithtors~cnally
weakor strongedgestiffeners&~earsinfigme18. Becauseof tkesparse
dataa=ilable,norecG~.endaticacanbemadecomse.rningtheeffectofnor-
malpressureuponbuc-kling.

F .-Forfhlges, ~ naybefoundinfigure20asa fucction
of.a b acd c andiafigure19asa functionof A/b and E for
v = 0.3. ForaninfinitelylonGflange,fi~xe17contains~ asa
functionof e alone.Tkeeffectofvaryingv appearsinfigureZ.

- Theplasticity-reiuctionfactor

.“ ~ = @s/E)(1-

Fora longcl’a~dfla%ge,

fora long hingedflang~ is

)/
Vez (1- &) (A~)

...’
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For flange c.lxklingreiuctionfactors wkn ~cr B upl~ it rayh“
permissibletouseequation.(&O).Alth,.P@lthisfuctor‘;asnotco.~ute.J
inthesectione~titled“Cl@cling!hxluctionFactors,”itappearstobe
reasonnb:ebycoxp~riso~withtl.ei’ectorsforpletescmdcolurms.

Platecol.ums.-Fc5rplatecolums.,thebuckingstressraybe deter-
minedusingfigure2(a). -,

Fore sh~rtplatecolun (L/b< 1)tkeplasticity-reductionfactor
i.s

Fora squareplatecolwzn(L/b= l),

(A7)

,.

(A8]

,’

Fora longplatecolum (L/b~1), theplasticity-reductionfactor
is

)/IIS(%/E)@- V=2 (I- - ~) (A9)

The claddingrduction factorfor shortplatecolurnsinwhich

andwhen UcrB ~Pl equaticm(4C)kol~strue

4-

3f) (Ale)
. .

..-”
whichisalsoapplicable

to long plate colu!!sat all stresslevelsabove 6=1.

ShearBuckling

The shear-buc.kliri-stress coefficientasa functionof a/b is
shcwninfigure22J%I.clmpd Endhingedplateedges.Forlongplates,,

. ...

.1
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withthe

The
equation

For
whenthe

ai~ OS tke nondtrenslocal chart of ?igure 10. “ -

c“laddingreduc%ionfactorfor GCI< acre ap~ isgivenby
(42),andfor Ucrs Cpl equation(LO)holdstrue.

clawedobliqueplatesfiKme32(b)~ beussitofind k~
plateedgeangleis45°. Fortriargflar-plnteshear-’ticklicg

coefficientsfigure34(b)~y beused.Inadiition,tilesection
entitle,d“SpecialCases”shouldbeconsulted.

BendingBuckling

Thebending-bucklingcoefficientappearsinfigure% asa fuznction
of a/b and e endinfi~e 25esa functionof A/b. Theplasticity-
reductionfactorfor a siKp4supportedplateisthesaneas fora hinzed
me- Littleerrorshouldbe expectedinusingelasticallyrestrained
f-e phsticlty-reductionfactorsf’orelasticallyrestrainedplatesin
beading.Forthesecasestheplastic-bucklkgchartoff@re 9 raybe
usedtofind CTcr,whichistheEaximumco.qressivestressontheplate
section.Inorder.tofirdtheccmrespondingrxxrentitisnecessazyto .i.
integratethestressdistribution,forwhichpurposethecurvesoffig- !:.
ure 9 may be used.

#

Corbinedbadi~g

Interactionequationsforvariousco-~tilationso?compression,shear,
andbendingappearintable5. ~ieseexpressionsarepresentedin-phi- ..
calformin figures~ axial28 for elasticbuc~ing.Forlongitudinalcom-
pressionandshearona long rectangular plate,withkothappliedstresses- ,
in theinelasticrange,equation(6o)holdstrue:

~e2 + RE2= 1 (~)

The plasticity-reductionfactorfora simplysuf~r+.edplatein;om-
blnedcompressionandsu?ialloadvariesbetweenthatfora hingedfl%-$e
~d thatfOra SiEPIY GUppOrtC+dpht~ under=id COInpZWSiO!I}depemii~~
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.

Actually,utilizationoftheplastic-buc?dingchartof figu!!e9 forall
CxcsOfcoxbinedkcfidi~anda.ial~O[fitOfir?dacr (aftmrwhichthe
plateloadingmy be foundby integr&ti~tk.ecross-sectionstressdM-
tritution)shouldgiveconservativeresults.

-.

Onright-anglei~oscelestriar+y.rlarplatesloadedunder shearand
co.zpressionas shown is the sketches in figures 34(a) ami 3h(b), equa-
tion(61)applies:

. ( -)2T ‘ ‘2 ~ ~., *U
+ Tcr

—( -+ Ucr
U2) = ~

‘cr+
(61)

Table6 containsnmericaivaluesOf ~ and ~ fordifferenttws .
ofplateedgesupports.

::

I
,

-,;
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TABLEl.-

Invmtigator

BIJlaard
(ref.18)

Neudelnsm-prager
(ref.19)

Ilyushln
(ref.~)

Stowell(rof8.~
and34)

I

Btrom-strainlaw

Incrernentollanddcfor-
mtion types,
v ins*tmeOus

Incrmentsltyp3,
v instantaneous

Defommtlon type,
v R 0.5

Deforsmtlon@pe,
v= 0.5 --

IImA9m--m THmRIEs

‘.”,

,,, ,
.

....— —.k.a —a-------.-.---, -.$--” , ,. ..,. . .

1’

PIMticlw law

Octahedral.

octahedral

Octahedral

octahedral

8hear

shear

shear

shear

SuckliW umkl

No strain reverml

Strainreversal

Stmin reversal

No strsinrcverml.

$4.
.- —— -.. — —..
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TABLE2.- PLAS’MCITY-RZLUCTIONFACTORSi

Loadir~ Structure v/d

CompressionImg flange,ofieunlcz:ed ~
edgesimplysupportd

Longfla~e,oneunloaded
elge”clsuzped. 0.330+ 0.335~ + (3Z@j 1/2

Longplate,bothunloaded
edgessi.np~ysupported O.~ + 0.250~ + (3~/Es~1/2

Icingplate,bothunloaded
edgesCk7,F~ 0.352+ 0.32i~+ (~~,E~~l/2’

Shortplateloadedesa
coluxm(L/b<< 1) [(

0.291 + 3q/Esj
b
Squareplateloadedasa ●

column(i@ = 1) 0.114+ 0.886(~/Es) .

bng column(L/b>>1) “ %/%

Shear
‘e:g%%l:$;:;r::e:d=es0.83+0.17@/E~).

‘
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TAILS3.- SU?WA.RYGF CLADDIK!2

--i

Ec~> Ispl

1—r
.

Loading

Shortplatecolurms 1 + (3Df’/4)
l+sf

. +-

i l+3f 1

1
Img plate columns

1

li-3f ‘ l+3i?

I

Coxrpressionand
I

1 +- 3pf
shearpanels l+3f

1

l+3f

TAELEA.- FORALCLADP~TESCLADDIKG
.

TRzclcmss

reference

,:.:.
IIIt

6~ “,’,ii.,:.iDatatakenfrom
IL

I..:

MLterial Cladding Totalplate Tbtalc14dding
designation mterial thickness,in. tlnicknes~,f,in.

,.
I

Alclad2014 6U53 <0●04.0 0.23!
2.040

●
.10 .

Alclad2024 12x <0.064 Old
>*@54 .OS

I
.

.

.

. .

Alclad7075 I Allthicknesses
I

0.09

..— ..—

.
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TABLE~.- COXBINiZ3LQADIHGCONDITIONSFORWHICHINTERACTIONCU-fl.%EXIST

nleory

Dsstic

nelastic

Loadingcorcbir.ation Interactionequation Figure

Bi=ialcompression~ Forplatestir~t.bucklein 28
squarewaves,Rx+~=l

●

Longitudinalcml- Forlongp~lates,%+~z=l ~
pressionandshear

Lcmgitudina coE-
1
Hone

I
28

pressionandbendfng

Eendingandshear Rb2+Rs2=l 2’7

Bending,shear;and None
I
=7

transversecomres6ion

LongitudinalcowressionHofie I 28 I
andbendingand,trans-
versecompression

.!1.
hnlgi’cudinalc%=.--‘ession@+ Rs2.1 ,, 29
andshear

#-

. . — ,.
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ks= 8.98~~CA~ Q3
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B
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